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1. INTRODUCTION
The production of gravitational waves as well as of electromagnetic pulses is
expected to occur in many violent astrophysical processes, like the merging
of compact binaries and high energy phenomena involving strong magnetic
fields and accelerating sources of the electromagnetic field. Gravitational and
electromagnetic waves are also believed to interact in a variety of ways. There
are many exact solutions of Einstein’s field equations that describe colliding
plane gravitational and electromagnetic waves on a flat Minkowski back-
ground [1]. Furthermore, several studies in the literature have shown how
gravitational radiation affects the propagation of electromagnetic signals by
modifying their direction, amplitude, wavelength and polarization either in
vacuum or in the presence of conductive plasmas, leading also to the possi-
bility of resonances between gravitational and electromagnetic sources which
could be used either as more efficient gravity-wave detection methods or as a
general relativistic mechanism of amplifying large-scale magnetic fields (see,
e.g., [2] and references therein).
In the present work we consider the propagation of massive neutral test
particles and electromagnetic waves on the background of radiation fields of
finite duration that are generated either by an exact gravitational wave or
an exact electromagnetic wave in the framework of general relativity.
The features of the scattering of massive particles are analyzed and com-
pared; depending on the nature of the background the particles emerging
from the interaction will be scattered along geodesic world lines or will expe-
rience a deviation from geodesic motion due to the application of an external
radiation force.
To study light scattering by these radiation fields we develop the optical
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medium analogy of the associated background, allowing for a comparison of
the distinct optical properties of the equivalent optical media. We are able
to identify certain detectable observational consequences arising from our
analysis, e.g., the deflection and delay of photon beams, the response of a
Michelson interferometer to gravitational waves beyond the linear approxi-
mation, etc.
Finally we discuss some interesting physical effects of light propagation in
the background of colliding strong gravitational waves. Given the complex-
ity of the nonlinear interaction of two gravitational waves in the framework
of general relativity, the optical medium analogy of the curved background
proves a helpful tool to analyze the propagation of electromagnetic waves in
the collision region of these spacetimes. 1
In order to introduce the problem of radiation fields generated by gravi-
tational or electromagnetic waves in the framework of general relativity, we
at first briefly outline the linearized theory of gravitational waves as an ap-
proximative solution to Einstein’s field equations for weak fields and slow
motion in Chapter 2, and then consider the fully nonlinear theory of general
relativity and introduce certain exact solutions of the field equations that
clearly represent gravitational waves. Here we summarize a more detailed
discussion of the problem of exact gravitational waves to be found in “Gravi-
tation” by Misner, Thorne and Wheeler [3], and other textbooks [4, 5, 6]. The
background curvature created by electromagnetic waves in four-dimensional
spacetime is also discussed in Chapter 2. In Chapter 3 we present the classi-
cal Poynting-Robertson effect which describes a deviation from geodesic test
particle motion due to the interaction of the particle with a radiation field of
electromagnetic nature; we then give a short overview of the recent general-
ization of the Poynting-Robertson effect to a general relativistic formalism,
which is the approach that we will later use to model the scattering of massive
test particles by a radiation field in the curved background generated by an
1 Unless otherwise specified, hereafter units were used such that G = 1 and c = 1, G
being the Newtonian constant and c the speed of light in vacuum. Greek indices run from
0 to 3 and Latin indices run from 1 to 3. The metric signature is chosen to be +2.
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electromagnetic wave. Finally, in Chapter 4, we discuss the optical medium
analogy of an arbitrary gravitational field which we will later employ as a
useful method to study light propagation on a curved background.
2. EXACT GRAVITATIONAL WAVE SPACETIMES
The theory of general relativity understands gravitation as a curvature of
four-dimensional spacetime. It is implied in general relativity that a time-
dependent distribution of mass causes local changes of the gravitational field
that travel away from the source at the speed of light. In analogy to elec-
trodynamics, these freely propagating variations of spacetime geometry are
called gravitational waves. The structural changes in local geometry during
the passage of a gravitational wave should theoretically be measurable by
considering the separation of test masses. However, due to the rigidity of
spacetime these structural changes are so small that only compact cosmic
objects and processes with high accelerations are considered as observable
sources of gravitational waves. These sources include supernovae, coalesc-
ing compact binary systems of neutron stars and/or black holes, rotating
neutron stars, supermassive black holes and the cosmic background radia-
tion. Since gravitational waves, in contrast to electromagnetic waves, are
virtually unaffected by the presence of matter between the source and the
observer, gravitational wave astronomy is expected to open a new window to
the universe.
The dynamic coupling of matter and spacetime geometry is central to gen-
eral relativity. On the one hand, matter curves the surrounding spacetime; on
the other hand, the geometry of a spacetime region determines the motion of
matter contained within. Accordingly, general relativity doesn’t understand
gravitation as a force, but rather as an aspect of a four-dimensional space-
time continuum. As a consequence of the dynamic coupling of matter and
spacetime in general relativity all inertial frames are equivalent; due to the
dynamical geometry coordinate systems are only events in four-dimensional
spacetime. To formulate the coupling of spacetime geometry to the sources
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contained within, we require equations which are invariant to the choice of
any coordinate system and which, for weak sources and nonrelativistic veloc-
ities, recall the Newtonian theory of gravity in a flat Minkowski spacetime.
The most general equations satisfying above requirements are the so-called
Einstein’s field equations
Gµν = Rµν − 1
2
Rgµν = 8πTµν , R = R
µ
µ . (2.1)
They couple the spacetime geometry represented by the Einstein curvature
tensor Gµν to the energy-momentum tensor Tµν which expresses the distri-
bution of energy and matter in a four-dimensional spacetime, analogous to
the distribution of mass in the Newtonian theory of gravitation. Rµν denotes
the Ricci curvature tensor that is constructed from the components of the
metric tensor gµν of the curved spacetime; R is the so-called scalar curvature.
At first sight Einstein’s field equations are a system of 16 coupled nonlinear
differential equations; with the algebraic symmetries of the curvature tensor
the number of degrees of freedom is reduced to 10. By taking into account
also differential symmetries of the curvature tensor, the (contracted) Bianchi
identities
Gµν;ν ≡ 0 , (2.2)
the field equations can finally be reduced to a set of 6 independent partial
differential equations, coupling spacetime and matter. However, even for
known initial conditions the general equation (2.1) does not permit an un-
ambiguous determination of the spacetime geometry for a given distribution
of energy and matter. (The under-determined nature of the system of equa-
tions thus ensures the free choice of coordinates.) An exact solution of the
full set of Einstein’s field equations is possible only for special, usually highly
symmetric cases.
2.1 The linearized theory of gravitational waves
In the limit of weak gravitational fields, i.e., when observing the gravitational
field at a great distance from the source, an approximate solution suffices.
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The linearized theory of gravitation for weak fields is employed to obtain
field equations which resemble the electromagnetic wave equations in flat
Minkowski space. In the weak-field limit a local spacetime curvature is in-
troduced as a first-order metric perturbation hµν of the flat background ηµν ,
so that
gµν = ηµν + hµν , |hµν | ≪ 1 , (2.3)
leads to the Ricci tensor
Rµν = Rµν − R
2
ηµν
=
1
2
(h ,αµν ,α + h
α
α,µν − hαν,µα − hαµ,να
−ηµνhβ ,αβ ,α + ηµνhαβ,αβ) +O(h2) , (2.4)
where all nonlinear perturbation terms resulting from the metric tensor have
been neglected and where all indices are raised and lowered with ηµν . For
simplification purposes we introduce the notation
h¯µν = hµν − 1
2
ηµνh , h¯
µ
µ = −hµµ , (2.5)
and find the linearized nonvacuum field equations
(h¯ ,αµν ,α + ηµν h¯
αβ
,αβ − h¯αν,µα − h¯αµ,να) = −16πTµν . (2.6)
By choosing a suitable gauge (i.e., a coordinate transformation) that satisfies
a gauge condition h¯µν,ν = 0 (analogous to the Lorentz gauge A
µ
,µ=0 in the
theory of electromagnetism) some of the terms of the field equations can be
made to disappear and (2.6) reduces to
2h¯µν = h¯
α
µν, α = −16πTµν , h¯µν,ν = 0 , (2.7)
representing ordinary inhomogeneous wave equations. This linearized ap-
proximation to the system of Einstein’s field equations is already decoupled.
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Further infinitesimal coordinate transformations and gauge changes
x′µ = xµ + ξµ(xν) , h¯′µν = h¯µν − ξµ, ν − ξν, µ + ηµνξα ,α , (2.8)
preserve the gauge condition in (2.7) if the sourceless wave equation
2ξµ = ξ
α
µ, α = 0 , (2.9)
is satisfied.
For a spacetime without sources the field equations of linearized theory
(2.7) reduce to the wave equations
2h¯µν = 0 , h¯
µν
,ν = 0 , (2.10)
of a propagating vacuum gravitational field. The gravitational wave is con-
nected to the source of gravitational radiation through the inhomogeneous
wave equations (2.7) whose general retarded solution
h¯µν(x, t) = 4
∫
V
Tµν(x
′, t− |x− x′|/c)
|x− x′| d
3x′ , (2.11)
describes gravitational waves radiated by isolated source of stress-energy Tµν.
(Observed in the far-field of slow moving sources the gravitational waves
represent radiation generated by a mass quadrupole.) For more details on
the linearized theory of gravitational waves as well as their generation and
detection, see e.g. [7].
2.2 Nonlinear effects in gravitational waves
The linearized theory of gravitational waves describes only local changes in
spacetime geometry, it does not take into account the large-scale background
curvature. In the full nonlinear theory of general relativity the energy and
momentum carried by a gravitational wave contribute to the curvature of the
background spacetime. Although it does not appear as a source term in the
field equations (the gravitational wave still has to satisfy vacuum equations),
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the stress-energy carried by the wave does enter the physical picture through
the nonlinearity of the full vacuum equations.
Other nonlinear effects in gravitational waves not taken into account by
the linearized theory are related to the source of the wave and to the presence
of matter in the universe.
The energy of the gravitational wave source decreases as radiation energy
is carried away by the source, resulting in a dampening of the gravitational
wave which makes an exactly periodic gravitational wave signal impossible.
(Consider, f.e., the decreasing orbital period observed in double pulsars due
to the energy loss through gravitational radiation, which is regarded as an
indirect detection of gravitational waves.) A presence of matter between
the gravitational wave source and the observer results in local curvatures
and subsequently influences the shape of the wave fronts and its wavelength
(gravitational redshift). Such local curvatures (or even the background cur-
vature induced by the wave itself) cause the wave to backscatter and produce
“tails” behind the propagating wave.1
Beyond the linearized theory of gravitational waves a variety of approx-
imation methods have been developed and applied to physical scenarios in
which nonlinear effects cannot be neglected; such as the post-Newtonian
(PN) expansion employed by gravitational wave astronomy to describe de-
viation from flat background geometry due to a slowly moving, weakly self-
gravitating source of gravitational radiation.
In the following section, we return to the fully nonlinear theory of general
relativity and consider certain exact solutions of Einstein’s field equations
that clearly represent gravitational waves.
It has to be noted that any exact gravitational wave solution to Einstein’s
field equations in a closed mathematical form will be highly idealized (char-
acterized, e.g., by completely flat wavefronts) and that these mathematically
exact solutions can’t be connected to a particular source distribution.
1 A “tail” denotes a region behind the gravitational wave for which the wave region
induces an ordinary nonradiative gravitational field.
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2.3 Exact plane gravitational wave solutions and the sandwich
wave scenario
Exact solutions of Einstein’s field equations which admit a constant null
vector field k with ka;b = 0 are called pp-waves; these spacetimes represent
plane-fronted gravitational waves with parallel rays. They were discovered
by Brinkmann in 1925 [8] and are a subclass of Kundt’s class of exact solu-
tions which are characterized by a nonexpanding, shear- and twist-free null
congruence k [5]. The metric of pp-wave spacetimes can be written as [5, 10]
ds2 = 2dζdζ¯−2dudφ−(f + f¯) du2 , f = f (u, ζ) , f¯ = f¯ (u, ζ¯) , (2.12)
where f is an arbitrary function of u and analytic in ζ. These solutions are
either of Petrov type N (with one multiple principal null direction k), or (in
the limit f,ζζ = 0) conformally flat.
The simplest solution 2.12 representing homogeneous pp-waves is given
by f(u, ζ) = d(u)ζ2. With the transformation [9, 10]
ζ =
Fx+ iGy√
2
, φ =
t+ z + FF ′x2 +GG′y2
2
, u = t− z , (2.13)
the metric of these “plane” gravitational wave spacetimes
ds2 = −2dudv + F 2dx2 +G2dy2 (2.14)
is characterized by the two real functions F = F (u) and G = G(u), which
are solutions to
F ′′ + d(u)F = 0 , G′′ − d(u)G = 0 , (2.15)
where the prime denotes a differentiation with respect to u.
The relative motion of test particles in x and y direction is then solely
determined by F and G, respectively. The motion of test particles in z di-
rection is aligned with the wave’s direction of propagation, and the plane
gravitational wave is transversal. The coordinate u is representing a re-
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tarded time, whereas the arbitrary function d(u) describes the profile of the
wave. For shock waves this profile is characterized by a step-function; in
the case of impulsive waves the (distributional) profile is proportional to a
delta-function. In both cases the metric functions F (u) and G(u) may still
be smooth, thereby ensuring a continuity of relative test particle motion in
these gravitational wave spacetimes.
In the sandwich wave scenario, the gravitational wave is considered to be
sandwiched in a finite region of u between two flat Minkowski regions before
and after the passage of the wave. A standard example of such a sandwich
wave is characterized by a “square” profile [11]
d(u) =

0 u < 0
a−2 0 ≤ u ≤ a2
0 u > a2
(2.16)
where 1/a represents the overall curvature of the wave region. There also
exist other more general sandwich wave solutions which do not exhibit a
stationary d(u) in the wave region. One such nonstandard sandwich wave
has a “wedge” profile of the form [10]
d(u) =

0 u ≤ −a
b
a
(a+ u) − a ≤ u ≤ 0
b
a
(a− u) 0 ≤ u ≤ a
0 u ≥ a
(2.17)
whith real, positive constants a and b. Other possible nonstandard sandwich
waves are those with a nonsymmetric “saw” profile or an “asymptotic profile”
(where the regions before and after the passage of the wave are flat only
asymptotically, for u → ±∞). For more details on nonstandard sandwich
waves see [10].
In the following we will limit our discussion to sandwich waves with a
standard (stationary) profile d(u) in the wave region. In particular, we want
to consider one possible class of homogeneous pp-wave solutions (2.14) that
is characterized by the line element [12, 13, 3]
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ds2 = −dudv + L2B
(
e2βW dx2 + e−2βW dy2
)
, (2.18)
in a null coordinate system (u, v, x, y), where the null coordinates u and v
are related to standard temporal and spatial coordinates t and z by
u = t− z , v = t+ z . (2.19)
The metric functions LB = LB(u) and βW = βW (u) describe the profile of
the gravitational pulse: βW (u) is the so-called “wave factor” associated with
the short-scale ripples of the gravitational wave, whereas LB(u) is called the
“background factor” connected to the large-scale bending of the background
geometry by the effective stress-energy of the wave. Both metric functions are
determined by the field equations. In the null coordinate system considered
only one component of the Ricci tensor is nonzero,
Ruu = − 2
LB
[
L′′B + (βW
′)2LB
]
, (2.20)
where a prime denotes differentiation with respect to u. Einstein’s field
equations in vacuum reduce to the single equation
L′′B + (βW
′)2LB = 0 , (2.21)
thereby relating the curvature of the background to the wave.
For the weak-field approximation (the second-order) (βW
′)2 vanishes and
the field equation is L′′B = 0. The weak-field limit of the exact gravitational
wave solution (2.18) is thus characterized by the spacetime metric
ds2 = −dudv + [2 + βW (u)] dx2 + [2− βW (u)] dy2 , (2.22)
and the solution describes a plane wave with a single (+) polarization state
propagating in z direction.
The metric (2.18) of an exact gravitational wave pulse of finite duration
2T is now extended to the spacetime regions before the arrival of the pulse
and after its passage. The solution is characterized by an arbitrary wave
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factor βW that is constrained by |βW ′| ≪ 1T throughout the pulse. Before the
arrival of the gravitational wave (u < −T ) the wave and background factors
βW and LB have values of 0 and 1, respectively, and the metric is given by
ds2 = −dudv + dx2 + dy2 , (2.23)
i.e., the spacetime is flat. After the passage of the wave (u > T ) the wave
factor βW is again 0, but the background factor is now a linear function in
u, namely LB = 1− uuf , where the constant uf is defined by
uf =
1 +O [βW ′T ]2∫ T
−T
(βW
′)2du
, |βW ′| ≪ 1
T
. (2.24)
The extended metric after the passage of the wave
ds2 = −dudv +
(
1− u
uf
)2 (
dx2 + dy2
)
, (2.25)
clearly has a spacetime singularity at u = uf > T . (At uf we the background
factor LB = 0, therefore gxx = gyy = 0.) This singularity is only a coordinate
singularity and not physical, since the components of the Riemann tensor
associated with the metric of the pulse (2.18)
Rxuxu =
1
2
Ruu − βW ′′ − 2LB
′
LB
βW
′ , Ryuyu = Ruu −Rxuxu , (2.26)
vanish when we consider an extended metric with a vanishing βW = 0. The
spacetime is completely flat in the regions outside the pulse where βW van-
ishes, and thus also at the u = uf after the passage of the wave where the
coordinate singularity appears.
We can avoid the coordinate singularity at u = uf > T by employing a
coordinate transformation (u, v, x, y)→ (U , V,X, Y ) in the spacetime region
after the passage of the wave; explicitly
u = U , x = X
1− U
uf
, y =
Y
1− U
uf
, v =
X2 + Y 2
uf − U . (2.27)
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For the flat spacetime region after the passage of the wave we then recover a
Minkowskian metric
ds2 = −dUdV + dX2 + dY 2 , (2.28)
in standard Cartesian coordinates, where U = T − Z and V = T + Z.
The complete flatness of the spacetime regions preceding and following the
passage of the wave is a distinctive feature for this type of exact gravitational
wave solution. The stress-energy carried by the gravitational wave does not
curve the spacetime outside −T < u < T because the wave region is bounded
by completely flat 2-surfaces of constant u and v.
Test particles in moving along straight lines in coordinates (t, x, y, z) be-
fore the arrival of the gravitational wave remain in geodesic motion through-
out the passage of the pulse and afterwards. Two test particles that are
separated along the z direction (the direction of propagation of the wave)
have a constant proper separation ∆s = ∆z throughout the passage of the
wave; the exact gravitational wave solution considered here is completely
transverse, like a plane wave in the transverse traceless (TT) gauge in linear
theory. Two particles separated along a direction transverse to the direction
of propagation experience a proper separation
∆s = LB(u)
√
e2βW (u) (∆x)2 + e−2βW (u) (∆y)2, (2.29)
during the passage of the wave. A gravitational wave radiation field has
caustic properties if dust particles propagating on this background are ac-
celerated in such a way that any two particles at rest before the interaction
with the radiation field (independent of their initial separation) will collide
in a finite time after the impact of the radiation field. All plane gravitational
wave of limited duration, i.e., the sandwich solutions considered above, and
with a fixed polarization will exhibit caustic properties [14].
For the discussion following in Chapters 5-7 of test particle motion and
the propagation of electromagnetic waves in gravitational wave spacetimes
we will choose a particular exact gravitational wave [4], with the “background
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factor” LB and the “wave factor” βW given by
LB(u) =
√
cos
(
b(gw)u
)
cosh
(
b(gw)u
)
,
βW (u) =
1
2
ln
[
cos
(
b(gw)u
)
cosh
(
b(gw)u
)] , (2.30)
respectively, belonging to the class of solutions introduced in (2.18). The
parameter b(gw) is related to the frequency of the gravitational wave.
Finally, let us briefly consider the symmetry properties of exact plane
gravitational waves. In analogy to electromagnetic waves these solutions were
found to admit a 5-parameter group of motion, as has been demonstrated
by Bondi, Pirani and Robinson in 1959 [12]. There nonflat solutions of
the vacuum field equations were defined as being purely gravitational and
representing plane waves by demanding that they have the same degree of
symmetry as plane electromagnetic waves in a flat spacetime, i.e., that their
motion groups have similar structure.
The field Fµν(u) of a plane electromagnetic wave traveling in positive z
direction on the background of a flat spacetime ds2 = ηµνdxµdxν in coordi-
nates (t, x, y, z) (where u = t− z) is invariant under a 5-parameter subgroup
of the group of inhomogeneous Lorentz transformations. The transformation
group is comprised of a 3-parameter group of translations in x and y direction
(along null 3-surfaces of constant u), preserving the electromagnetic field,
Ta =

a0 : ξµ1 = (1, 0, 0, 1)
a1 : ξµ2 = (0, 1, 0, 0)
a2 : ξµ3 = (0, 0, 1, 0)
(2.31)
and a 2-parameter group of “null rotations”, preserving the null 3-surfaces of
constant u,
Tb =
{
b1 : ξµ4 = (x, u, 0, x) = xξ
µ
1 + uξ
µ
2
b2 : ξµ5 = (y, 0, u, y) = yξ
µ
1 + uξ
µ
3
(2.32)
where a0, ak, bk (with k = 1, 2) are the five independent parameters character-
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izing the transformation group, and where ξµA are the infinitesimal generators
of the transformations.
In Chapter 5 we will discuss the symmetry properties of gravitational
plane waves (namely the constants of motion and the associated Killing vec-
tors) and discuss their application to the propagation of massive and massless
test particles in these spacetimes.
2.4 Exact electromagnetic plane waves as generators of
background curvature
A metric tensor with identical metric coefficients L2B(u) in coordinate direc-
tions x and y
ds2 = −dudv + L2B(u)
(
dx2 + dy2
)
, (2.33)
(in the same null coordinate system as considered before) leads to the van-
ishing of all components of the associated Ricci tensor Rµν and reduces the
vacuum field equations to L′′B(u) = 0. This metric is a flat-spacetime metric
and thus can’t represent a gravitational wave. Now let A♭ = A(u)dx be the
1-form of an arbitrary electromagnetic potential which satisfies Maxwell’s
equations in this metric. The nonzero components of the associated Faraday
2-form F ♭ = dA♭ are
F = A′(u)du ∧ dx
= A′(u)dt ∧ dx− A′(u)dz ∧ dx = Exdt ∧ dx+ Bydz ∧ dx , (2.34)
therefore the electromagnetic four-potential represents an electromagnetic
plane wave propagating in z direction, with the electric field vector oscillating
in x direction and the magnetic field vector oscillating in y direction. The
presence of such an electromagnetic wave in a spacetime region makes it
not empty, and we have to consider the energy-momentum tensor of the
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electromagnetic wave
T µν =
1
4π
(
F µνF να −
1
4
gµνFαβF
αβ
)
,
T(em) = Tuu =
1
4π
[A′(u)]2
L2B(u)
, (2.35)
which now provides the source term for the nonvacuum field equations
L′′B +
(
4πT(em)
)
LB = 0 , (2.36)
and thus produces a background curvature in a spacetime region through
which the electromagnetic wave propagates, in analogy to the exact gravi-
tational wave discussed in Sec. 2.3. In fact, if the “wave factor” βW (u) of
an exact gravitational wave and the stress-energy tensor T(em) of an exact
electromagnetic wave are related by
βW (u) =
√
4π
∫ u√
T(em)du , (2.37)
both plane-wave solutions will produce the same background curvature LB(u).
Test particles propagating on these backgrounds will experience the same
relative motion, regardless whether we consider the curved spacetime of the
exact gravitational wave vacuum solution or the curved background produced
by the stress-energy of the electromagnetic wave.
In the discussion following in Chapters 6 and 7 of spacetime curvature
generated by an electromagnetic pulse we will focus on a particular exact
electromagnetic wave [15], with the “background factor” LB given by
LB(u) = cos(b(em)u) , (2.38)
belonging to the class of solutions introduced in (2.33). The parameter b(em)
is related to the frequency of the electromagnetic wave.
This particular exact electromagnetic wave and the exact gravitational
wave (2.30) we consider above produce the same background curvature LB(u)
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only if the frequencies of the two wave solutions are related by
b(em)u = arccos
(√
cos(b(gw)u) cosh(b(gw)u)
)
. (2.39)
In general we expect differences for the geodesic motion of uncharged particles
depending on the nature of the radiation field.
3. FRICTION FORCES IN GENERAL RELATIVITY
Without external forces a massive test particle propagates along the geodesics
of the background geometry, as we will see in Sec. 5.2 for timelike trajec-
tories in the radiation field generated by an exact gravitational wave. Such
friction forces cause deviation from geodesic motion and lead to accelerated
or decelerated orbits governed by the equations of motion
ma(U)α = m∇UUα = f(rad) . (3.1)
One particular example for the effects of friction forces in general relativ-
ity is the deceleration of test particle motion in a matter distribution, e.g.,
described by the stress-energy tensor of a perfect fluid.
In the following we want to consider a deviation from geodesic test par-
ticle motion due to a scattering of radiation by the particles. The particles
are assumed to interact with the radiation field of an emitting source by ab-
sorbing and re-emitting radiation, causing the so-called Poynting-Robertson
drag that is modeled by a radiation force built up from the energy-momentum
tensor of the radiation field and the scattering cross section. This approach
dates back to the pioneering works of Poynting [16] and Robertson [17], who
derived the corrections to the motion of planets in the Solar system due to
the scattering of the solar radiation in the context of Newtonian gravity and
in the weak field approximation, respectively.
3.1 The Poynting-Robertson effect in special relativity
Poynting first described the effect of absorption and re-emission of solar ra-
diation on a dust particle orbiting the Sun (in the theory of the luminiferous
aether) in 1903, where the interaction of the particle with the radiation gen-
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erates a tangential drag which eventually causes the particle to fall into the
Sun due to a loss of angular momentum. The particle motion is retarded
by a back-pressure of the solar radiation, which Poynting understood as ra-
diation that accumulates in front of the particle and thins out behind. A
pencil of radiation is considered as a stream of momentum along the axis
of the pencil. During the absorption of radiation by a moving surface mo-
mentum is transfered from the stream of radiation to the surface, resulting
in normal pressure and tangential stress on the surface. The surface loses
momentum isotropically with the re-emission of radiation, but there is an
overall tangential force [16, 17]
f(rad) =
Rv
c2
, (3.2)
where R is the rate with which particle absorbs/re-emits energy, v is the
particle velocity in the aether and c is the velocity of light.
Poynting’s approach was recalculated by Robertson in 1937, in the theory
of special relativity and Newtonian gravity. A particle is considered in orbital
motion around a star with outward radial radiation. In the particle’s rest
frame the radiation pressure applies not directly side-on but slightly on the
particle’s forward side in terms of its orbital motion. The transfer of energy
through the absorption and subsequent (isotropic) re-emission of radiation
by the particle can be thought of as a force acting on the particle in the
rest frame; this force has a component in opposite direction to the tangential
component of the particle’s orbital motion, acting as a drag force. If the
drag force dominates the outward radial force the loss of angular momentum
due to the drag will cause orbital decay. There exists a critical luminosity
(like the Eddington limit of the hydrostatic equilibrium of a star [18], where
the outward radial radiation force balances the inward gravitational force) at
which the body is momentarily at rest separating inward spiral from outward
spiral
Let us briefly sketch the Poynting-Robertson formalism in the weak field
approximation [17]. We consider the motion of a small, spherical body with
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unit four-velocity uα in Minkowski coordinates
ds2 = ηµνdx
µdxν , (3.3)
in a beam of plane-parallel radiation from the Sun. The radiation is a beam
of energy density that carries momentum in the direction lα, with radiation
pressure in the same direction; i.e., a radiation field of photons propagating
along null geodesics of the background with a four-momentum lα). We now
introduce a reference frame in which the particle is at rest and where all
radiation that falls upon the particle is absorbed and then (isotropically)
re-emitted at the same rate. (The same rate of absorption and re-emission
ensures that the particle mass is a constant of motion.) We now establish
equations of motion (3.1) where the proper rate of change muˆα of the spatial
energy-momentum vector of the particle (in the rest frame) equals the force
φ (in direction of the spatial direction of the null vector lˆα of the incoming
beam) acting on the particle. Since the particle is at rest in this reference
frame, we can apply the classical theory of radiation pressure to determine
the force, i.e. it is φ = Aδ, where A is the effective cross section and δ is the
00-component of the original energy tensor of the incoming beam, but in the
rest frame. The equations of motion in the rest frame read as [17]
mduˆα
dτ
=
φ
clˆ0
(
lˆα − lˆ0uˆα
)
, lˆ0 = lˆαuˆ
α = w , (3.4)
where the first term is the four-force due to the incident radiation and the
second term represents the re-emitted radiation. In the original inertial frame
we the find [17]
mduα
ds
=
fw
c
(lα − wuα) , (3.5)
where the radiation force is given by f = φw−2.
Robertson also calculated the perihelion precession for quasi-Newtonian
orbits as the leading general relativistic correction to his slow motion calcu-
lation.
Beyond the pioneering work outlined above the Poynting-Robertson for-
malism has been applied to slowly evolving meteor orbits by Wyatt and
3. Friction forces in general relativity 23
Whipple in 1950 [19], and has been extended to radiating bodies of finite size
by Guess in 1962 [20] and by Abramowicz, Ellis and Lanza in 1990 [21], who
considered purely radial motion in an exterior Schwarzschild background to
model jets and solar winds.
3.2 The general relativistic Poynting-Robertson effect
The generalization to the framework of general relativity has been developed
in [22, 23], where a Poynting-Robertson-like effect on test particles orbiting
in the equatorial plane of a Schwarzschild or Kerr spacetime has been con-
sidered, and in [24], where a self-consistent radiation flux (i.e., without the
requirement that the radiation field itself be a test field) was instead used to
investigate a such an interaction in the Vaidya spherically symmetric space-
time [25]. More recently, in [26], the Poynting-Robertson formalism has been
employed to study the deceleration of particle motion in a Tolman metric
generated by a photon gas source.
We now consider a test body in orbital motion in a spherically symmet-
ric exterior Schwarzschild spacetime or an axially symmetric exterior Kerr
spacetime without requiring slow motion and apply the simple Robertson
scenario (without taking into account the finite size of the radiating body)
in the context of strong gravitational fields and arbitrary motion. The ra-
diation of the central body is now modeled by test photons in an outward
radial motion with respect to locally nonrotating observers.
Let us briefly sketch some basic features of the Poynting-Robertson for-
malism in a general relativistic context, as introduced in great detail in [22].
Test particle motion is considered in the metric of a stationary axisymmetric
spacetime
ds2 = gttdt
2 + 2gtφdtdφ+ gφφdφ
2 + grrdr
2 + gθθdθ
2 , (3.6)
where all the metric coefficients depend only on r and θ of a Boyer-Lindquist-
like coordinate system {t, r, θ, φ} adapted to the spacetime symmetries, i.e.,
with a pair of commuting Killing vectors ∂t (timelike) and ∂φ (spacelike). A
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family of zero angular momentum observer (ZAMO) observers is introduced,
with a four-velocity
n = (−gtt)1/2(∂t − gtφ
gφφ
∂φ) , (3.7)
and with an associated orthonormal frame adapted to the ZAMOs
etˆ = n , erˆ =
1√
grr
∂r , eθˆ =
1√
gθθ
∂θ , eφˆ =
1√
gφφ
∂φ , . (3.8)
A pure electromagnetic radiation test field is superposed on the gravitational
background characterized by an energy-momentum tensor
T αβ = Φ2kαkβ, kαkα = 0 , (3.9)
where Φ = (gθθgφφ)−1/4Φ0 has been determined from the conservation of T αβ,
and where k is the four-momentum of a photon tangent to a null geodesic in
the equatorial plane. Only photons in outward radial motion with respect to
the ZAMOs are considered, namely
k = E(n)[n+ νˆ(k, n)], νˆ(k, n) = erˆ , (3.10)
with the relative energy of the photon E(n) = E(−gtt)1/2, the conserved
energy associated with the timelike Killing vector field E = −kt and the
unit vector direction of the relative velocity νˆ(k, n). The four-velocity of a
test particle of mass m moving in the equatorial plane and accelerated by its
interaction with the radiation field can be decomposed in the observer frame
as
U = γ(U, n)[n+ ν(U, n)] ,
ν(U, n) ≡ ν rˆerˆ + ν φˆeφˆ = ν sinαerˆ + ν cosαeφˆ , (3.11)
where γ(U, n) = (1−||ν(U, n)||2)−1/2 is the Lorentz factor and the abbreviated
notation ν aˆ = ν(U, n)aˆ has been used. Here ν = ||ν(U, n)|| is the magnitude
and α is the polar angle of the spatial velocity ν(U, n) in the r − φ tangent
plane, respectively. Using relations between the coordinate and the frame
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components of U and solving for the magnitude and polar angle leads to
tanα =
√
grr
gφφ
dr
dt
(
dφ
dt
+
gtφ
gφφ
)−1
,
ν = −gtt)1/2
√
grr
(
dr
dt
)2
+ gφφ
(
dφ
dt
+
gtφ
gφφ
)2
. (3.12)
The interaction of the particle with the radiation field is subsequently mod-
eled through the introduction of a radiation force observed in the particle’s
rest frame
F(rad)(U)α = −σP (U)αβ T βµ Uµ (3.13)
where P (U)αβ = δαβ + U
αUβ project orthogonally to U and where σ is the
momentum-transfer cross section. The equation of motion of the particle in
the observer frame thus become
ma(U) = F(rad)(U) , (3.14)
where m is the mass of the particle and a(U) = ∇UU is its four-acceleration.
It is convenient to decompose the photon four-momentum k (3.10) (al-
ready decomposed with respect to the ZAMOs)further with respect to the
particle four-velocity U , namely,
k = E(U)[U + Vˆ(k, U)] ≡ E(n)[n+ νˆ(k, n)] . (3.15)
By introducing the polar decomposition (3.11) of the spatial particle velocity
U the relative energy and the relative direction of propagation of the photons
become
E(U) = γE(n)[1− ν cos(α− π/2)] = γE(n)[1− ν sinα] ,
Vˆ tˆ = γν sinα− ν
1− ν sinα , Vˆ
rˆ =
1
γ(1− ν sinα) − γν sinα ,
Vˆ φˆ = −γν cosα (3.16)
respectively. The frame components of the particle four-acceleration a(U)
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in the equatorial plane (a(U)tˆ, a(U)rˆ, a(U)θˆ, a(U)φˆ) can thus be explicitly
expressed in terms of the frame components of the photon four-momentum
(3.16), and the equations of motion are obtained as
dν
dτ
= −sinα
γ
[a(n)rˆ + 2ν cosα θ(n)rˆ φˆ]−
Agtt√
gθθgφφ
(1− ν sinα)(sinα− ν) ,
dα
dτ
= −γ cosα
ν
[a(n)rˆ + 2ν cosα θ(n)rˆ φˆ + ν
2k(lie)(n)
rˆ]
− Ag
tt
√
gθθgφφ
(1− ν sinα) cosα
ν
,
dr
dτ
=
γν sinα√
grr
, A = σ˜Φ20E
2 , (3.17)
in terms of the magnitude and the polar angle of the spatial particle four-
velocity; k(lie)(n)rˆ denotes the radial component of the Lie curvature vector
associated with the φ coordinate lines.
The equations of motion admit the special solutions α = ±π/2 (radial
outward/inward motion with respect to the ZAMOs). There are no circular
orbits, i.e., solutions with constant α = 0 and motion in φ direction only,
because clearly the drag force in azimuthal direction forbids them. There
exists a critical value of the radial coordinate r(crit) for which the particle co-
moves with the ZAMOs in a circular orbit, namely, if ν is chosen to vanish
initially the spatial particle velocity in the rest frame will remain zero if
− Ag
tt
√
gθθgφφ
= a(n)rˆ . (3.18)
This condition represents the radial balance between the gravitational at-
traction and the radiation pressure. It is possible to rewrite this equilibrium
condition using the general relativistic generalization of the Eddington lumi-
nosity, and subsequently identify the radiation constant A in terms of param-
eters related to the emitting body and to the Thomson scattering process;
for more details see [22] and references therein.
In Chapter 6 we will apply the general relativistic Poynting-Robertson
formalism to the propagation of massive neutral test particles in the radia-
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tion field described by an exact solution of the Einstein-Maxwell equations
representing the curved spacetime associated with a plane electromagnetic
wave [27].
4. THE OPTICAL MEDIUM ANALOGY OF A CURVED
SPACETIME
For test electromagnetic fields propagating on a curved spacetime one can
always neglect back reaction effects on the metric due to the electromagnetic
field. Solving Maxwell’s equations on a given background in general, how-
ever, is not an easy task and exact solutions only exist within very special
(highly symmetric) contexts. Over the years a number of methods and ap-
proximations have been developed in order to tackle the problem of solving
Maxwell’s equations on curved backgrounds.
In this chapter we want to introduce the so-called optical medium analogy
of a given spacetime which was developed decades ago and has been widely
used to study both the propagation of electromagnetic waves in a gravita-
tional field and scattering processes by either static or rotating black holes as
well as by some cosmological solution, e.g., the Gödel universe [28, 29, 30, 31].
Mashhoon and Grishchuk [32] have considered the propagation of elec-
tromagnetic waves in a weak gravitational radiation field superposed to a
Minkowskian background, characterized by gµν = ηµν + hµν . The gravita-
tional field was treated as a hypothetical dispersive medium with a dielectric
tensor ǫik = µik = δik − hik, and the electromagnetic field Fµν could thus be
described by Maxwell’s equations in a medium in flat spacetime. The electro-
magnetic field vector was then decomposed into its undisturbed initial part
and the perturbation induced by the dispersion of the electromagnetic wave.
An analysis of the perturbation in the Fourier domain demonstrated that the
dispersion in the gravitational medium results in a splitting of the Fourier
components (Ωem,Kem) of the electromagnetic wave, with Ω and K referring
to frequency and wave vector, respectively. Each (Ωem,Kem) in the initial
Fourier spectrum picks up two scattered components (Ωem ± Ωg,Kem ±Kg)
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with a relative amplitude of the order of ǫ, where (Ωg,Kg) is a Fourier compo-
nent of the gravitational field. It was proved that electromagnetic phenomena
in the background of a weak gravitational wave radiation field propagate with
a frequency which is simply related to that of the background solution.
In Chapter 7 we will discuss the application of the optical medium analogy
to a curved background associated with the exact gravitational and electro-
magnetic plane waves introduced above. In Chapter 8 we will generalize our
results by considering a spacetime of colliding strong gravitational waves; we
will apply the optical medium analogy to study the optical properties of the
collision region and analyze the propagation of electromagnetic waves in this
framework.
4.1 The optical medium analogy of an arbitrary gravitational
field
Consider an arbitrary gravitational field described by the line element ds2 =
gαβdx
αdxβ written in coordinates xα = (t, x, y, z). An electromagnetic field
in that background can be thought of as propagating in flat spacetime but
in the presence of a medium whose properties are determined by conformally
invariant quantities constructed from the metric tensor. In fact, the covariant
Faraday tensor Fµν and its rescaled contravariant counterpart
√−gF µν can
be decomposed as Fµν → (E,B) and √−gF µν → (−D,H) to yield the usual
Maxwell’s equations in a medium [33, 34, 35, 28, 29]
∇ ·B = 0 , ∇× E = −∂tB ,
∇ ·D = 4πρ , ∇×H = ∂tD+ 4πJ , (4.1)
where the current vector Jµ → (ρ,J) satisfies the conservation law
∂tρ+∇ · J = 0 . (4.2)
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The above set of equations is completed by the constitutive relations
Da = ǫabEb − (M×H)a , Ba = µabHb + (M× E)a , (4.3)
where
ǫab = µab = −
√−g g
ab
gtt
(4.4)
play the role of electric and magnetic permeability tensors and
Ma = −gta
gtt
(4.5)
is a vector field associated with rotations of the reference frame. Within
this framework, the description of electromagnetic fields in a curved space-
time is equivalently accomplished by solving Maxwell’s equations in a flat
spacetime but in the presence of a medium, whose properties are fully spec-
ified by the associated constitutive relations. The effective material medium
is in general anisotropic and has no birefringence, due to the proportional-
ity between polarization tensors. Furthermore, the conformal invariance of
Maxwell’s equations is reflected, in the present formulation, by the indepen-
dence of the dielectric tensors ǫab and µab from a conformal factor in the
metric components, a property also shared by the “spatial" vector M.
Following [29], if one introduces the complex vectors
F = E+ iH , S = D+ iB , (4.6)
the constitutive relations read
Sa = ǫabFb + i(M× F)a . (4.7)
Furthermore, it is possible to write the electromagnetic equations (4.1) in
a form which is particularly suitable for the discussion of wave phenomena,
i.e.,
1
i
∇× F = ∂tS+ 4πJ , ∇ · S = 4πρ . (4.8)
Plane waves satisfy the above equations in a small spacetime region, where
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the metric tensor can be always assumed to vary in space and time only
slightly with respect to the wavelength and the period of the wave, respec-
tively. Therefore, one can apply there the standard tools of ordinary wave
optics to study the optical properties of the equivalent medium.
For instance, in the absence of currents, one may look for solutions of the
form
E = E0e
i(nk·x−ωt) , E0 = const. , |k| = ω , (4.9)
where n is an effective refraction index. Similar expressions hold for B, H
and D. Maxwell’s equations (4.1) then imply
n× E = B , n×H = −D (4.10)
and n·B = 0 = n·D, where n = (n/ω)k = ne and e = k/ω is the spatial unit
vector of the photon direction. A substitution of the constitutive relations
(4.3) into the equations (4.10) leads to
[ǫik + εijrεsuk(n−M)j(n−M)u(ǫ−1)rs]Ek = 0 , (4.11)
where εijk denotes the Levi-Civita alternating symbol. One finds a similar
equation for Hk. The existence of eigensolutions for E implies the following
generalized Fresnel equation [34, 35]
n2ǫee − 2nǫeM + ǫMM − det(ǫ) = 0 , (4.12)
where e = k/ω is the spatial unit vector of the photon direction and the
compact notation XabAaBb = XAB has been introduced for contraction of
a generic matrix Xab with vectors Aa and Bb. The above equation (4.12)
gives the relation between the effective refraction index of the medium, the
components of the polarization tensors and the direction of propagation of
the electromagnetic wave. The solution for the refraction index is thus given
by
n =
1
ǫee
[
ǫeM +
√
det(ǫ) [ǫee − (ǫ−1)cc]
]
, (4.13)
where c = M×e and det(ǫ) = ǫ1ǫ2ǫ3, in a coordinate system in which electric
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and magnetic permeability tensors are diagonal, i.e., ǫab = diag[ǫ1, ǫ2, ǫ3] =
µab. In the special case Ma = 0, the above expression simplifies to
n =
√
det(ǫ)
ǫee
. (4.14)
In the special case Ma = 0, the above expression (4.13) simplifies to
n =
√
det(ǫ)
ǫee
. (4.15)
With the optical properties of the effective medium equivalent equivalent to
an arbitrary gravitational field thus determined, standard tools of ordinary
wave optics can then be employed to study the deflection of photon paths in
the gravitational field background.
5. ELECTROMAGNETIC WAVES IN AN EXACT
GRAVITATIONAL WAVE SPACETIME
In the following we will consider the propagation of a test electromagnetic
field in a spacetime representing an exact gravitational plane wave with sin-
gle polarization, belonging to the class of solutions introduced in Sec. 2.3.
We will discuss in detail the propagation of photons and massive particles
on this background, and we will calculate the induced changes on the four-
potential field Aµ of a plane electromagnetic wave. By choosing a suitable
photon round-trip in a Michelson interferometer, we will be able to identify
the physical effects of the exact gravitational wave on the electromagnetic
field, i.e. phase shift, change of the polarization vector, angular deflection
and delay. The results will then be applied to study the response of an in-
terferometric gravitational wave detector beyond the linear approximation of
the general theory of relativity, extending analysis by Finn [36], Rakhmanov
[37] and Braginsky et al [38].
The results of this chapter have been published in Class. Quantum Grav.
28, 235007 (2011) [39].
5.1 An exact solution representing a gravitational plane wave
with single polarization
The spacetime metric of an exact gravitational plane wave with a single
polarization state (+ state) can be written in the “Rosen form" as follows
[3, 4]
g = −1
2
(du⊗ dv + dv ⊗ du) + F (u)2dx⊗ dx+G(u)2dy ⊗ dy , (5.1)
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with
√−det g = F (u)G(u)/2 and the inverse
g−1 = −2(∂u ⊗ ∂v + ∂v ⊗ ∂u) + 1
F (u)2
∂x ⊗ ∂x + 1
G(u)2
∂y ⊗ ∂y . (5.2)
The coordinates (u, v, x, y) are adapted to the spacetime symmetries; i.e., ∂v,
∂x, ∂y are all Killing vectors. We point out that the two null coordinates u
and v are related to a standard temporal coordinate t and a spatial coordinate
z (the direction of propagation of the wave) by the transformation
u = t− z, v = t+ z , (5.3)
which implies
∂u =
1
2
(∂t − ∂z) , ∂v = 1
2
(∂t + ∂z) . (5.4)
The inverse of this transformation is then
t = (u+ v)/2 , z = (v − u)/2 , (5.5)
and therefore we have
∂t = ∂u + ∂v , ∂z = ∂v − ∂u . (5.6)
The vacuum Einstein field equations associated with equation (5.1) reduce
to the single equation Ruu = 0, i.e.
F ′′(u)
F (u)
+
G′′(u)
G(u)
= 0 , (5.7)
where a prime denotes differentiation with respect to u. The wave is then
propagating along the positive z axis with axes of polarization aligned with
the coordinate axes x and y.
In the following we will consider a sandwich-wave solution, i.e., a curved
spacetime region in the interval u ∈ [0, a2/τ ] between two Minkowskian re-
gions u ∈ (−∞, 0) ∪ (a2/τ,∞), where the constant parameters a and τ have
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been introduced, with τ representing the duration of the interaction of parti-
cles or fields with the wave and 1/a the overall curvature of the wave region.
A possible choice of metric functions is as follows:
F (u) =

1 u ≤ 0 (I)
cos(u/a) 0 ≤ u ≤ a2/τ (II)
α + βu a2/τ ≤ u (III)
G(u) =

1 u ≤ 0 (I)
cosh(u/a) 0 ≤ u ≤ a2/τ (II)
γ + δu, a2/τ ≤ u (III)
(5.8)
where labels I, II and III refer to in zone, wave zone and out zone, respectively.
For a more detailed account of exact gravitational plane waves see e.g. [4].
The constants α, β, γ and δ can be found by requiring C1 regularity
conditions at the boundary of the sandwich, u = 0 and u = a
2
τ
, that is
α = cos
(a
τ
)
+
a
τ
sin
(a
τ
)
, β = −1
a
sin
(a
τ
)
,
γ = cosh
(a
τ
)
− a
τ
sinh
(a
τ
)
, δ =
1
a
sinh
(a
τ
)
. (5.9)
We point out that for u < 0 with the choice F (u) = 1 = G(u) the spacetime
is flat (Minkowski) and the metric reduces to
g = −1
2
(du⊗dv+dv⊗du)+dx⊗dx+dy⊗dy ,
√
−det g = 1
2
. (5.10)
The coordinates (t, x, y, z) associated with (u, v, x, y) by means of (5.3) are
then standard Cartesian coordinates. Finally, in order to compare the results
of the present analysis with existing literature we recall that the metric func-
tions F and G in the linearized approximation and in the transverse-traceless
gauge are usually such that
F (u)2 = 1 + h+(u) , G(u)
2 = 1− h+(u) , (5.11)
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where h+ is a first order perturbation to the flat background, see e.g. [37].
5.2 Geodesics of photons and massive test particles
Let us consider null and timelike geodesics with respect to the coordinates
(u, v, x, y) in all spacetime regions. The geodesic equations and their the
four-velocity normalization condition
d2xα
dλ2
+ Γαµν (x(λ))
dxµ
dλ
dxν
dλ
= 0 ,
gµν (x(λ))
dxµ
dλ
dxν
dλ
= ρ (5.12)
(where the Γαµν denote the Christoffel symbols constructed from gµν , and
where the parameter λ is a proper time parameter along the geodesics) can
be explicitly solved by taking into account the Killing vector fields ξ admitted
by the spacetime metric. The independent Killing vectors are associated with
constants of motion along the geodesic, namely
ξ µ P
µ = const. , (5.13)
with Pα denoting the vector tangent to these world lines. The second-order
equations of motion are thus reduced to a first-order system Pα = dxα/dλ,
with
Pα∇αP β = ρ , PαPα = ρ , (5.14)
where the parameter ρ discriminates among the classes of geodesics we are
considering, i.e. ρ = −1, 0, 1 corresponding to timelike, null and spacelike
geodesics, respectively.
P µ = dxµ/dλ that can be parametrized with the Killing constants and
simply integrated. In the spacetime metric (5.1) representing an exact gravi-
tational wave there exist three spacelike translational Killing vectors ξ(1) = ∂x
and ξ(2) = ∂y and ξ(3) = ∂v in all spacetime regions (in zone, wave zone, out
zone) since the metric is independent from x, y and v in all regions. The
associated constants of motion are px, py and pv, respectively.
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The solutions for the geodesics, using u as a convenient parameter, can
be written as follows (see e.g. [14] or [40])
u(λ) = −2pvλ+ uc , v(u) = 1
4p2v
∫ u(
−ρ+ p
2
x
F (u)2
+
p2y
G(u)2
)
du+ vc ,
x(u) = − px
2pv
∫ u du
F (u)2
+ xc , y(u) = − py
2pv
∫ u du
G(u)2
+ yc , (5.15)
where the quantities pv, px and py (covariant components of the momentum)
are Killing constants, while (uc, vc, xc, yc)mark coordinates of a generic point.
The associated four-momentum is
P = −2pv∂u− 1
2pv
(
−ρ+ p
2
x
F (u)2
+
p2y
G(u)2
)
∂v+
px
F (u)2
∂x+
py
G(u)2
∂y , (5.16)
or equivalently
P ♭ =
1
4pv
(
−ρ+ p
2
x
F (u)2
+
p2y
G(u)2
)
du+ pvdv + pxdx+ pydy . (5.17)
Note that within the linear approximation (small overall curvature of the
wave region, a → ∞) we recover the well known results in the wave region
[37]
P ♭(lin) =
1
4pv
[−ρ+ p2x(1− h+) + p2y(1 + h+)] du+pvdv+pxdx+pydy . (5.18)
With the choice of F and G functions given in (5.8) we can also identify
h+(u) ≈ −u
2
a2
+O
(
u3
a3
)
. (5.19)
By specifying the metric in the various regions of spacetime we find C1 so-
lutions of the geodesic equations before, during and after the passage of the
wave:
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• Region I. The geodesics are straight lines from (us, vs, xs, ys) to
(0, v0, x0, y0):
u(λ) = −2pvλ+ us , v(u) = 1
4p2v
(−ρ+ p2x + p2y)u+ v˜s ,
x(u) = − px
2pv
u+ x˜s , y(u) = − py
2pv
u+ y˜s , (5.20)
with
x˜s =
px
2pv
us + xs , y˜s =
py
2pv
us + ys ,
v˜s = vs − 1
4p2v
(−ρ+ p2x + p2y)us . (5.21)
The associated momentum is
P
I
= −2pv∂u − 1
2pv
(−ρ+ p2x + p2y)∂v + px∂x + py∂y . (5.22)
• Region II. The geodesics connect the spacetime points from
(0, v0, x0, y0) to (a
2
τ
, v1, x1, y1):
x(u) = − px
2pv
a tan
(u
a
)
+ x0 , y(u) = − py
2pv
a tanh
(u
a
)
+ y0 ,
v(u) =
1
4p2v
[
−ρu+ p2xa tan
(u
a
)
+ p2ya tanh
(u
a
)]
+ v0
u(λ) = −2pvλ+ us . (5.23)
The associated momentum is
P
II
= −2pv∂u − 1
2pv
(
−ρ+ p
2
x
cos2
(
u
a
) + p2y
cosh2
(
u
a
)) ∂v
+
px
cos2
(
u
a
)∂x + py
cosh2
(
u
a
)∂y . (5.24)
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In the linearized regime the above relations have the following limit:
u(λ) = −2pvλ+ us ,
v(u) =
u
4p2v
[
−ρ+ (p2x + p2y) +
(p2x − p2y)
3a2
u2
]
+ v0
= vs − λ
2pv
(−ρ+ p2x + p2y)−
λ
2pv
(p2x − p2y)f+(λ)
x(u) = − px
2pv
(
1 +
u2
3a2
)
u+ x0
y(u) = − py
2pv
(
1− u
2
3a2
)
u+ y0 , (5.25)
where, following [37],
f+(λ) =
1
λ
∫ λ
0
h+(u(λ))dλ ≈ − 1
a2λ
∫ λ
0
u2(λ)dλ
=
1
6pva2λ
[(us − 2pvλ)3 − u3s] (5.26)
denotes the average amplitude of the gravitational wave and hence
P
II
= −2pv∂u − 1
2pv
[
−ρ+ p2x + p2y +
u2
a2
(p2x − p2y)
]
∂v
+px
(
1 +
u2
a2
)
∂x + py
(
1− u
2
a2
)
∂y
= p
I
+
u2
a2
[
(p2x − p2y)∂v + px∂x − py∂y
]
. (5.27)
• Region III. The geodesics connect the spacetime points (a2
τ
, v1, x1, y1)
and (ue, ve, xe, ye), where Pe denotes an arbitrary point in the out zone:
v(u) = − 1
4p2v
(
ρu+
p2x
β (α + βu)
+
p2y
δ (γ + δu)
)
+ v˜1
x(u) =
px
2pv
1
β (α + βu)
+ x˜1 , y(u) =
py
2pv
1
δ (γ + δu)
+ y˜1 ,
u(λ) = −2pvλ+ us , (5.28)
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with
x˜1 = x1 +
px
2pv
a
sin
(
a
τ
)
cos
(
a
τ
) , y˜1 = y1 − py
2pv
a
sinh
(
a
τ
)
cosh
(
a
τ
) ,
v˜1 = v1 +
a
4p2v
(
ρ
a
τ
− p
2
x
sin
(
a
τ
)
cos
(
a
τ
) + p2y
sinh
(
a
τ
)
cosh
(
a
τ
)) . (5.29)
The associated momentum is
P
III
= −2pv∂u − 1
2pv
(
−ρ+ p
2
x
(α + βu)2
+
p2y
(γ + δu)2
)
∂v
+
px
(α + βu)2
∂x +
py
(γ + δu)2
∂y . (5.30)
5.2.1 Matching conditions
By imposing a matching condition at the boundaries I-II and II-III, we
can relate the solutions in all three regions to the initial spacetime points
(us, vs, xs, ys).
• Matching of the boundary I-II. We find
λ0 =
us
2pv
, v0 = vs − 1
4p2v
(−ρ+ p2x + p2y)us ,
x0 =
px
2pv
us + xs , y0 =
py
2pv
us + ys . (5.31)
• Matching of the boundary II-III. We find
x1 = − px
2pv
a tan
(a
τ
)
+ x0 = xs +
px
2pv
[
us − a tan
(a
τ
)]
,
y1 = − py
2pv
a tanh
(a
τ
)
+ y0 = ys +
py
2pv
[
us − a tanh
(a
τ
)]
,
v1 =
a
4p2v
[
−ρa
τ
+ p2x tan
(a
τ
)
+ p2y tanh
(a
τ
)]
+ v0
=
1
4p2v
[
ρ
(
us − a
2
τ
)
+ p2x
(
a tan
(a
τ
)
− us
)
+p2y
(
a tanh
(a
τ
)
− us
)]
+ vs , λ1 =
us − a2τ
2pv
. (5.32)
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The associated momenta at the boundaries are
P
I−II
= −2pv∂u − 1
2pv
(−ρ+ p2x + p2y) ∂v + px∂x + py∂y , (5.33)
and
P
II−III
= −2pv∂u − 1
2pv
(
−ρ+ p
2
x
cos2
(
a
τ
) + p2y
cosh2
(
a
τ
)) ∂v
+
px
cos2
(
a
τ
)∂x + py
cosh2
(
a
τ
)∂y . (5.34)
5.2.2 Coordinate transformation in region III
In the flat region III it is convenient to restore Cartesian coordinates. This is
practically accomplished by the double mapping (u, v, x, y)→ (U, V,X, Y )→
(T, Z,X, Y ), as specified above, namely
(u, v, x, y)→ (U , V,X, Y ):
U = u , X = F (u)x , Y = G(u)y ,
V = v + F (u)F ′(u)x2 +G(u)G′(u)y2 , (5.35)
and
(u, v, x, y)→ (U , V,X, Y ):
T =
U + V
2
, Z =
V − U
2
, X = X , Y = Y . (5.36)
Thus in region III we obtain
X(U) = px
2pvβ
+ x˜1 (α + βU) , Y (U) = py
2pvδ
+ y˜1 (γ + δU) ,
V (U) = −ρ U
4p2v
+ x˜21β (α + βU) + y˜21δ (γ + δU)
+
px
pv
x˜1 +
py
pv
y˜1 + v˜1 , U(λ) = −2pvλ+ us , (5.37)
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which can be presented in the same way as the geodesics in region I, i.e.,
X(U) = − Qx
2Qv
U + X˜s , Y (U) = − Qy
2Qv
U + Y˜s ,
V (U) = 1
4Q2v
(−ρ+Q2x +Q2y)U + V˜s ,
U(λ) = −2Qvλ+ Us (5.38)
with
Us = us , Qv = pv , Qx = −2pvβx˜1 , Qy = −2pvδy˜1 ,
X˜s =
px
2pvβ
+ αx˜1 , Y˜s =
py
2pvδ
+ γy˜1 ,
V˜s = v˜1 + x˜1
(
px
pv
+ αβx˜1
)
+ y˜1
(
py
pv
+ γδy˜1
)
. (5.39)
The associated transformed momentum in region III is then
P
III
= −2pv
{
∂U +
[
− ρ
4p2v
+ (βx˜1)
2 + (δy˜1)
2
]
∂V
+(βx˜1) ∂X + (δy˜1) ∂Y
}
, (5.40)
or equivalently, by using the quantities Qv, Qx, Qy defined above
P
III
= −2Qv∂U − 1
2Qv
(−ρ+Q2x +Q2y) ∂V +Qx∂X +Qy∂Y . (5.41)
By passing to the standard Cartesian temporal and spatial coordinates
T,X, Y, Z we rewrite the momentum as
P
III
= −Qv
[
1
4Q2v
(−ρ+Q2x +Q2y)+ 1] ∂T
−Qv
[
1
4Q2v
(−ρ+Q2x +Q2y)− 1] ∂Z +Qx∂X +Qy∂Y . (5.42)
With the choice of the parameter ρ we may now specify if we are considering
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the null geodesics associated with an electromagnetic wave (ρ = 0) or the
timelike geodesics representing a massive particle (ρ = −1), e.g. the mirrors
of a Michelson interferometer.
5.3 Scattering of electromagnetic waves by the gravitational
wave
We now want to consider the propagation of a test electromagnetic field on
the background of an exact gravitational plane wave with single (+) polariza-
tion, in order to extend the recent analysis of Finn in [36], in which the grav-
itational wave has been considered in the linear approximation. Maxwell’s
equation in the Lorenz gauge
2Aα ≡ gµν∇µ∇νAα = 0 , ∇µAµ = 0 . (5.43)
can be easily solved for the vector potential A, in this case leading to
A♭ =
A0√
FG
eiφ e♭ . (5.44)
This solution represents a field, which is not a wave in general, propagating
in a direction associated with positive v, x, y coordinates. Since it is a wave
in region I, we will refer to φ as the phase and eµ as the polarization vector
of the field also in the other regions.
In general, the phase φ is given by
φ =
(∫ u
pudu
)
+pvv+pxx+pyy , pu = pu(u) =
1
4pv
(
p2x
F 2
+
p2y
G2
)
, (5.45)
and the polarization vector by
e♭ = e♭A cos(ϑ) + e
♭
B sin(ϑ) , (5.46)
which is orthogonal to p and a linear combination of two independent vectors
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eA and eB:
e♭A =
px
2pvF
du+ Fdx , e♭B =
py
2pvG
du+Gdy , (5.47)
both also orthogonal to p.
The phase φ is constant along the integral curves of p, namely
∇pφ = pα∂αφ = pαpα = 0 . (5.48)
The polarization vector is parallely transported along the integral curves of
p:
∇pe♭ = 0 , (5.49)
and its contravariant expression is represented by
e = − 1
pv
(px
F
cos(ϑ) +
py
G
sin(ϑ)
)
∂v +
cos(ϑ)
F
∂x +
sin(ϑ)
G
∂y . (5.50)
It should be stressed that the solution found above has associated invariants
I1 =
1
2
F αβFαβ , I2 =
1
2
∗F αβFαβ (5.51)
given by
I1 = −4iA
2
0 cos(2ϑ)(F˙G− G˙F )pve2iφ
(FG)2
,
I2 =
4iA20 sin(2ϑ)(F˙G− G˙F )pve2iφ
(FG)2
; (5.52)
therefore, in general, this field is nonsingular, even if in the flat spacetime
before the passage of the gravitational wave (i.e., in the region I, where
F = 1 = G) it represents an electromagnetic wave (I1 = 0 = I2). After the
passage of the wave, in the transformed coordinates, we have
lim
u→∞
I1 = 0 = lim
u→∞
I2 , (5.53)
that is, again a wave-like behavior.
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For our analysis of the response of the interferometer we have not con-
sidered the electromagnetic field inside the wave region since we are only
interested in the emerging field. Discussion about the properties of the elec-
tromagnetic field in the presence of a linearized gravitational wave can be
found for instance in [38] where the wave zone is also treated in analogy with
an optically active medium.
5.3.1 Electromagnetic field before the passage of the wave: region I
The spacetime before the passage of the wave, corresponding to FI = 1 = GI ,
is flat. The metric is
ds2 = −dudv + dx2 + dy2, (5.54)
and it can be reduced to its standard form by using the transformation in
(5.3).
The solution for the vector potential A in this region is
A♭I = A0 e
iφI e♭I , (5.55)
where the phase φI is given by
φI =
1
4pv
(
p2x + p
2
y
)
u+ pvv + pxx+ pyy + CI
= pαx
α + CI , pα = const. , (5.56)
with p♭ = pαdxα the null vector seen above and a constant
CI = − 1
4pv
(p2x + p
2
y)us . (5.57)
The polarization vector reads
eI = − 1
pv
[px cos(ϑ) + py sin(ϑ)] ∂v + cos(ϑ)∂x + sin(ϑ)∂y . (5.58)
5. Electromagnetic waves in an exact gravitational wave spacetime 46
5.3.2 Electromagnetic field after the passage of the wave: region III
After the passage of the wave, i.e., when u > a
2
τ
, the metric functions are
FIII = α + βu and GIII = γ + δu, but the spacetime is still flat. Maxwell’s
equation is solved by
A♭III =
A0√
FIIIGIII
eiφIII e♭III =
A0√
(α + βu)(γ + δu)
eiφIII e♭III . (5.59)
This solution of the Maxwell’s equations has a ‘phase’
φIII = − p
2
x
4pvβ(α + βu)
− p
2
y
4pvδ(γ + δu)
+pvv + pxx+ pyy + CIII , (5.60)
or equivalently, with the coordinate transformation introduced in (5.35)
φIII = CIII + pvV − pvβ
α + βu
(
px
2pvβ
−X
)2
− pvδ
γ + δu
(
py
2pvδ
− Y
)2
(5.61)
with a constant
CIII =
a
4pv
(
− p
2
x
sin
(
a
τ
)
cos
(
a
τ
) + p2y
sinh
(
a
τ
)
cosh
(
a
τ
)) . (5.62)
The ‘phase’in region III, from equation (5.60), is generically a function of the
coordinates u, v, x, y (or equivalently, from equation (5.61), of the coordinates
U, V,X, Y ). It is dominated by its value along the null geodesics, namely
φIII (d) =
Q2x +Q
2
y
4Qv
U +QvV +QxX +QyY + C˜III
= QαX
α + C˜III , (5.63)
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with
C˜III = CIII +Qv
(
V˜s − v˜1
)
. (5.64)
In fact, let us consider the ‘phase’given by (5.61) along a generic curve Xα =
Xα(λ) as a function of the parameter λ along that curve, and require its
variation to be vanishing
d
dλ
φIII = 0 , (5.65)
in order to determine the dominant part. We find that this extremal condition
is satisfied exactly by the null geodesics given by (5.42).
In addition, we can say that even if our general solution for the electro-
magnetic field after the passage of the gravitational wave is not exactly a
plane wave, it is dominated by a plane wave with the wave vector aligned
with that of a null geodesic of the background, with the phase given by (5.63).
The ‘polarization’vector is given by
eIII = − 1
pv
(
px
α + βu
cos(ϑ) +
py
γ + δu
sin(ϑ)
)
∂v
+
cos(ϑ)
α + βu
∂x +
sin(ϑ)
γ + δu
∂y , (5.66)
or, transformed, by
eIII =
[
2β
cos(ϑ)
α + βU
(
X − px
2pvβ
)
+ 2δ
sin(ϑ)
γ + δU
(
Y − py
2pvδ
)]
∂V
+cos(ϑ)∂X + sin(ϑ)∂Y . (5.67)
Similar to what happens for the ‘phase’the ‘polarization’vector is also dom-
inated by the corresponding value along the null geodesics as in equation
(5.42), in the sense that the eXIII and e
Y
III components do not depend on
the curve, while the eVIII component reaches its extremal value on the null
geodesics, namely
eIII (d) = − 1
Qv
[Qx cos(ϑ) +Qy sin(ϑ)] ∂V + cos(ϑ)∂X + sin(ϑ)∂Y , (5.68)
with V˜s and Qα = const. given by (5.39), where the Qα are the components
5. Electromagnetic waves in an exact gravitational wave spacetime 48
of the dominant wave vector as emerging after the scattering by the gravi-
tational wave. Summarizing, the dominant part of the electromagnetic field
can be written as
AIII (d) = A0e
iφIII (d)eIII (d) (5.69)
and represents the electromagnetic wave emerging after the interaction.
5.3.3 Variation in the wave and polarization vector, phase shift
We will now consider the variation in the properties of the electromagnetic
wave, by comparing the dominant parts of the solutions before and after the
passage of the gravitational wave.
Concerning the covariant components of the wave vector we find
Qα = pα +∆pα with
∆pu =
[
pv
x20
a2
− p
2
x
4pv
]
sin2
(a
τ
)
+
[
pv
y20
a2
+
p2y
4pv
]
sinh2
(a
τ
)
+px sin
(a
τ
)
cos
(a
τ
) x0
a
− py sinh
(a
τ
)
cosh
(a
τ
) y0
a
,
∆px = 2pv sin
(a
τ
) x0
a
− px
[
1− cos
(a
τ
)]
,
∆py = −2pv sinh
(a
τ
) y0
a
− py
[
1− cosh
(a
τ
)]
, ∆pv = 0 , (5.70)
where equation (5.30) has been used. For the contravariant components of
the wave vector we find Qα = pα +∆pα with
∆pu = 0 , ∆px = ∆px , ∆p
y = ∆py , ∆p
v = −2∆pu . (5.71)
The contravariant polarization vector has a variation only in the v compo-
nent, namely
∆ev =
([
1− cos
(a
τ
)] px
pv
− 2 sin
(a
τ
) x0
a
)
cos(ϑ)
+
([
1− cosh
(a
τ
)] py
pv
+ 2 sinh
(a
τ
) y0
a
)
sin(ϑ) . (5.72)
After the passage of the gravitational wave and in terms of the dominant
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mode analysis discussed above, the phase of the electromagnetic wave is
shifted by
∆φ = φIII − φI = QxX˜s +QyY˜s +QvV˜s − pxx˜s − pyy˜s − pvv˜s + C˜III − CI
= − a
4pv
[
p2x tan
(a
τ
)
+ p2y tanh
(a
τ
)]
+ pv(vs − v0) . (5.73)
Note that the transformed coordinates (U , V,X, Y ) are Cartesian, so that
the new metric functions are such that FIII = GIII = 1. As a consequence,
the amplitude of the dominant part of the electromagnetic field is unaffected
by the passage of the gravitational wave.
The existence of an exact solution for the phase shift between the in zone
and out zone, where special relativity holds and there is no residual gauge
freedom of general relativity, makes us more confident about the physical
interpretation of the response of a gravitational interferometer. In this re-
spect, we should also mention that, in the limit of a weak gravitational wave
(a≫ 1), we recover the results of Rakhmanov in [37]. In this limit mention
should also be given to the pioneering work of Mashhoon and Grishchuk [32].
5.4 Response of a Michelson interferometer
Let us now consider the motion of photons along x or y axes which represent
the direction of the arm of a Michelson interferometer with the beam splitter
in the origin [41]. The photons start at the beam-splitter (denoted by ∗) and
are reflected once by an end mirror at a distance L from the origin, denoted
by small s (we regard the mirrors as fixed and therefore don’t consider the
timelike geodesics associated with them). At the start of proper time, λ = 0,
the photon is assumed at the generic point Ps,x or Ps,y on the mirror (where
xs = L and ys = 0 or xs = 0 and ys = L), where the momentum is px or py
in negative x or y direction (towards the origin). In the points Ps,x and Ps,y
we have imposed vs = us, thereby ensuring zs = 0. The momenta px and py
are constrained by demanding z∗ = 0 in the origin, namely
px = 2pv , py = 2pv , pv < 0 . (5.74)
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The choice of a negative momentum pv ensures that u increases with λ.
In this case the parametric equations for the unperturbed photon are
u = −2pvλ+ us ,
x = κx [(u− us)− L] , y = κy [(u− us)− L] , z = 0 , (5.75)
where the choice of κx and κy distinguishes the motion of photons. A factor
κx = 1 signifies the motion of a photon in positive x direction (towards the
end-mirror), and κx = −1 the motion in negative x direction (towards the
beam splitter). Positive and negative y direction are distinguished along the
same lines.
For photons after the interaction we use the parametric equations (5.38)
and (5.39) with px, xs, py and ys defined as above, and we obtain
U = −2pvλ+ us ,
X = κx
[
Qx
2pv
U − X˜s
]
, Y = κy
[
Qy
2pv
U − Y˜s
]
Z =
1
2
[(
κ2x
Q2x
4p2v
+ κ2y
Q2y
4p2v
− 1
)
U + V˜s
]
, (5.76)
where
V˜s = v˜1 + κ
2
xx˜1 (2 + αβx˜1) + κ
2
yy˜1 (2 + γδy˜1) ,
v˜1 = us − κ2x
[
us + a cot
(a
τ
)]
− κ2y
[
us − a coth
(a
τ
)]
. (5.77)
The directions of motion (towards the mirror or the origin, along the x or
the y axis) are again specified by the choice of factors κx and κy.
The motion of the photons emerging from the gravitational wave is de-
pendent on the coordinate time us at the start of proper time, the initial
momentum pv of the photon, the interferometer arm length L, the curvature
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1
a
and duration τ of the gravitational wave; explicitly
x˜1 = L+ us + a cot
(a
τ
)
, y˜1 = L+ us − a coth
(a
τ
)
,
Qx = 2pv
[
L+ us
a
sin
(a
τ
)
+ cos
(a
τ
)]
,
Qy = −2pv
[
L+ us
a
sinh
(a
τ
)
− cosh
(a
τ
)]
,
X˜s =
[
L+ us +
a2
τ
]
cos
(a
τ
)
+
[a
τ
(L+ us)− a
]
sin
(a
τ
)
,
Y˜s =
[
L+ us +
a2
τ
]
cosh
(a
τ
)
−
[a
τ
(L+ us) + a
]
sinh
(a
τ
)
, (5.78)
We consider two photons (or photon beams), making the round trip through
the interferometer along the x and y axes respectively, and arriving again at
the beam splitter afterwards (see Fig. 5.1):
A photon starts from the origin at u∗ = us +L, and we can foresee three
possible scenarios
• Scenario I. The photons travel from the origin to the mirror unper-
turbed and are reflected by the mirror (in P
′
s,x or P
′
s,y) at u
′
s = us+2L.
On the return trip they encounter the gravitational wave, and return
to the origin at U˜∗′x or U˜∗′y , respectively.
• Scenario II. The photons encounter the gravitational wave on the way
to the mirror, where they are reflected at U˜ ′s,x or U˜ ′s,y (depending on
the interferometer arm we consider). They return to the origin in the
post-wave region and arrive there again at U˜∗′x or U˜∗′y , respectively.
• Scenario III. The photons pass the interferometer round trip without
encountering the gravitational wave. They are reflected by the mirror
(in P
′
s,x or P
′
s,y) at u
′
s = us + 2L, and arrive in the origin again at
u∗
′
= us + 3L.
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u
x, yu = 0
u =
a2
τ
•
•
•
•
•
•
P ′sx,y
Psx,y
P∗
P0
P˜1
P˜ ∗
′
x,y
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Fig. 5.1: The two possible scenarios for the interaction of a photon with a gravi-
tational wave during an interferometer round trip: a) scenario I, and b)
scenario II. (The slopes of the geodesics have been exaggerated for graphic
depiction.)
The two photons emerging from the gravitational wave experience a deflec-
tion in the Z direction of
Z˜∗
′
x =
1
2
[(
Qx
pv
+ 1
)
L+ us − U˜∗′x
]
,
Z˜∗
′
y =
1
2
[(
Qy
pv
+ 1
)
L+ us − U˜∗′y
]
, (5.79)
respectively, and arrive at the origin at a coordinate time
U˜∗′x =
a2
τ
+ a
2L+ (L+ us) cos
(
a
τ
)− a sin (a
τ
)
(L+ us) sin
(
a
τ
)
+ a cos
(
a
τ
) ,
U˜∗′y =
a2
τ
− a2L+ (L+ us) cosh
(
a
τ
)− a sinh (a
τ
)
(L+ us) sinh
(
a
τ
)− a cosh (a
τ
) . (5.80)
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We can regard the path of a single photon traveling through the interferome-
ter as the center of a photon beam. The deflection decreases the intensity of
the interference pattern of the two photon beams, but the magnitude of the
deflection compared to the cross section of the photon beam is very small,
whereas the change in the interference pattern of two photon beams due to
their shifted phase is a much greater effect.
It should also be noted that the expressions for the deflection and delay
of photons arriving at the origin after the passage of the wave are the same
for scenarios I and II. They are distinguished by the relation between us and
L. In scenario I, the photons have to leave the origin at L < |u∗| < 2L to
meet the wave on the return trip towards the origin, while in scenario II the
photons leave from the origin at 0 < |u∗| < L in order to encounter the wave
on the way to the mirror.
When the two photon beams arrive at the beam splitter again after the
round trip, they have a relative phase shift
∆φ = ∆φx −∆φy = pva
[
tanh
(a
τ
)
− tan
(a
τ
)]
(5.81)
between the ingoing electromagnetic wave and the dominant part of the out-
going field, which is the significant response of a Michelson interferometer to
the presence of an exact gravitational wave. The relative change in polariza-
tion is
∆ev = 2
[
1− cos
(a
τ
)
− us + L
a
sin
(a
τ
)]
cos (ϑ)
−2
[
1− cosh
(a
τ
)
+
us + L
a
sinh
(a
τ
)]
sin (ϑ) . (5.82)
The scenario considered (I or II) is distinguished by the choice of us in terms
of L as above, yielding different expressions for the relative change in po-
larization. The relative phase shift depends only on the dimension of the
gravitational wave, not on the construction of the interferometer.
No matter how small the physical effects of an exact gravitational wave
on an electromagnetic field (represented by the phase shift, the change of the
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polarization vector, and the angular deflection and delay of photon beams
making the round trip in the interferometer) might be, they could still po-
tentially be measured by way of different detection methods.
6. THE SCATTERING OF MASSIVE PARTICLES BY
RADIATION FIELDS
Let a massive test particle be scattered by a radiation field filling a spacetime
region and imagine that the source of radiation is unknown. For the purpose
of the present investigation we have considered three different kinds of radia-
tion: a photon test field in a flat spacetime background, an exact solution of
the Einstein field equations for a strong plane gravitational wave (with single
polarization state for simplicity), an exact solution of the Einstein-Maxwell
equations representing the curved spacetime associated with a plane electro-
magnetic wave.
The scattering of massive and massless neutral scalar particles by plane
gravitational waves has been investigated both in the classical and quantum
regime by Garriga and Verdaguer [42]. They also defined the classical cross
section for scattering of geodesic particles in the case in which the wave region
is sandwiched between two flat spacetime regions. In Chapter 5 we have
discussed null and timelike geodesics in a spacetime representing an exact
gravitational plane wave with single polarization; the propagation of a test
electromagnetic field on this background was also investigated there. It has
been shown that the physical effects due to the exact gravitational wave on
the electromagnetic field, i.e., phase shift, change of the polarization vector,
angular deflection and delay of photon beams in a Michelson interferometer,
could be measured by various detection methods [39].
An electromagnetic wave propagating over a spacetime region makes it
not empty and not flat. Therefore, the spacetime curvature associated with
an electromagnetic pulse, namely the associated gravitational field, induces
observable effects on test particle motion. Unlike the case of a plane grav-
itational wave the resulting motion will no longer be geodesic, but massive
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particles will be accelerated by the radiation field filling the associated space-
time region. The features of test particle motion in the gravitational field
associated with an electromagnetic plane wave have been recently investi-
gated in [27], where the particles were assumed to interact with the radiation
field by absorbing and re-emitting radiation, causing a drag force responsi-
ble for deviation from geodesic motion. This radiation scattering process is
a Poynting-Robertson-like effect in the full framework of general relativity,
as introduced in Chapter 3. The interaction with the radiation field has
been modeled there by a force term entering the equations of motion given
by the four-momentum density of radiation observed in the particle’s rest
frame with a multiplicative constant factor expressing the strength of the
interaction itself.
In this chapter we will discuss the scattering of massive particles propagat-
ing in the field of an exact gravitational plane wave and of an electromagnetic
wave in a general relativistic context. In both cases the interaction has a finite
duration, and the initial state of the particle is assumed to be the same. The
spacetime region containing the radiation field is sandwiched between two
Minkowskian zones, so that the “in” and “out” regions are unambiguously de-
termined. The particles will interact differently with the gravitational wave
background and the electromagnetic radiation field, and subsequently will
emerge in the outer flat region with different four-momenta. The different
nature of the host environment will also be evident by comparing the corre-
sponding classical scattering cross sections.
The discussion detailed in this chapter has been published in Phys. Rev.
D 86, 064016 (2012) [43].
6.1 Scattering of particles by a radiation field in a flat
spacetime
Let us consider a Minkowski spacetime with metric written in either Carte-
sian or related null coordinates as
ds2 = −dt2 + dx2 + dy2 + dz2 = −2du dv + dx2 + dy2 , (6.1)
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Fig. 6.1: The null coordinate relationships in the t − z plane (orthogonal to the
plane wave fronts aligned with the x−y planes) for a sandwich spacetime
divided into three zones by the null hypersurfaces u = 0 and u = u1 > 0.
Shown also is a suggestive world line of a particle (entering zone II at the
origin of coordinates) which is deflected by the radiation field in zone II
from its geodesic motion in zones I and III.
where u = (t− z)/√2 , v = (t+ z)/√2 . The latter form privileges the three
Killing vectors ∂v, ∂x, ∂y which will remain when a wave zone is introduced
later where the metric will depend on u. Fig. 6.1 illustrates the relationships
between the coordinates for the case of an interaction strip corresponding to
a u coordinate interval [0, u1].
It is also useful to introduce a family of “static" fiducial observers which
are at rest with respect to the spatial coordinates (x, y, z) and characterized
by the 4-velocity vector m = ∂t with the associated adapted orthonormal
spatial triad exˆ = ∂x, eyˆ = ∂y, ezˆ = ∂z.
A test particle with rest mass µ and four-velocity Uα = dxα/dτ (so
U · U = −1) has four-momentum P = µU , but we will use the specific four-
momentum, namely the four-velocity itself: P˜ = P/µ = U ; we drop the tilde
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notation below and the modifier “specific." The observer decomposition of U
is then (let a, b, c = 1, 2, 3)
U = Uα∂α = γ(m+ ν
aˆeaˆ) , γ = (1− δaˆbˆν aˆν bˆ)−1/2 . (6.2)
For geodesic motion, the constant four-velocity U = U(0) can be parametrized
in terms of the conserved specific momenta pv, px and py (introducing as well
p2⊥ = p
2
x + p
2
y) associated with the three Killing vectors mentioned above as
U(0) = −pv
(
∂u +
1 + p2⊥
2p2v
∂v
)
+ px∂x + py∂y
= − 1√
2
pv
(
1 +
1 + p2⊥
2p2v
)
∂t + px∂x + py∂y
− pv√
2
(
−1 + 1 + p
2
⊥
2p2v
)
∂z , (6.3)
where pv < 0 for U to be future-pointing. Then the velocity decomposition
is
γ(0) = − pv√
2
(
1 +
1 + p2⊥
2p2v
)
,
ν xˆ(0) =
px
γ(0)
, ν yˆ(0) =
py
γ(0)
, ν zˆ(0) = −
pv√
2γ(0)
(
−1 + 1 + p
2
⊥
2p2v
)
, (6.4)
which can be easily inverted to yield
pv = −
γ(0)√
2
(1− ν zˆ(0)) , px = γ(0)ν xˆ(0) , py = γ(0)ν yˆ(0) . (6.5)
Choosing the zero of proper time at the u = 0 hyperplane, the corre-
sponding parametric equations of the particle’s straight line trajectory are
then
u = −pvτ , v = 1 + p
2
⊥
2p2v
u+ v0 ,
x = −px
pv
u+ x0 , y = −py
pv
u+ y0 , (6.6)
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so that x0 = y0 = z0 = 0 puts the initial position at the origin of coordinates
and
t =
1√
2
[(
1 + p2⊥
2p2v
+ 1
)
u+ v0
]
,
z =
1√
2
[(
1 + p2⊥
2p2v
− 1
)
u+ v0
]
. (6.7)
Correspondingly, a photon following a null geodesic path has four-momentum
K = −Kv∂u −Ku∂v +Kx∂x +Ky∂y , (6.8)
where the null condition is 2KuKv = K2⊥ ≡ K2x +K2y . For the special case of
photons traveling along the positive z direction, one has Kx = Ky = Kv = 0
and K = −Ku∂v, useful for comparison with the nonflat case below.
The observer decomposition is
K = ωK(m+ νˆK) , νˆK = νˆ
a
K∂a , νˆK · νˆK = 1 , (6.9)
where ωK = Kt = −Kt = −(Ku+Kv)/
√
2 is the relative energy and the unit
vector νˆaK = K
a/Kt gives the relative direction of propagation with respect
to the static observers.
Suppose now that a test radiation field representing a coherent beam
of a given frequency fills a certain spacetime region confined to the region
between two null hypersurfaces u = 0 and u = u1 as in Fig. 6.1. The
associated energy-momentum tensor is assumed to be of the form
T = φ0K ⊗K , (6.10)
where K is the geodesic null vector given by (6.8) and φ0 is a constant
representing the associated energy flux. The geodesic property of K makes
T divergence-free, i.e., ∇αT αβ = 0.
A neutral massive particle moving through the spacetime region occu-
pied by such a radiation field will be scattered in a way which depends on
the interaction. The simplest way to model this interaction is through the
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introduction of a “radiation force," which is constructed from the energy-
momentum tensor introduced in (6.10) and is orthogonal to the particle’s
four-velocity U (just as the 4-acceleration vector), so that
f(rad)(U)α = −σP (U)αβT βµUµ , (6.11)
where P (U) = g +U ⊗U is the orthogonal projector to U and σ models the
absorption and re-emission of radiation by the test particle. This force is just
proportional to the momentum of the field as observed in the rest frame of
the particle. The equations of motion of the particle thus become
µa(U)α = f(rad)(U)
α , a(U)α = ∇UUα , (6.12)
or explicitly
dUα
dτ
= −A[Kα + Uα(U ·K)](U ·K) , A = σφ0/µ ≡ σ˜φ0 . (6.13)
In the case of a particle orbiting a massive source in the presence of a superim-
posed radiation field, an interaction of this kind leads to a drag force causing
deviation from geodesic motion. This is the so called Poynting-Robertson
effect (see Refs. [16, 17, 22, 23] and references therein).
The equations of motion (6.13) then become
dν aˆ
dτ
= −Aω2K(ν aˆ − ν aˆK)(1− νKbˆν bˆ) , (6.14)
whose solution is straightforward assuming τ = 0 at the initial null hyper-
plane u = 0 where ν aˆ = ν aˆ(0),
ν aˆ = ν aˆK +
ν aˆ(0) − ν aˆK[
1 + τAω2K(1− νKcˆν cˆ(0))
] , (6.15)
which can be simplified by introducing the parameter 1/τ∗ = Aω2K(1 −
6. The scattering of massive particles by radiation fields 61
νKcˆν
cˆ
(0)) to yield
ν aˆ = ν aˆK +
ν aˆ(0) − ν aˆK
1 + τ/τ∗
, γ = γ(0)
1 + τ/τ∗√
1 + 2γ2(0)(1− νKcˆν cˆ(0))τ/τ∗
. (6.16)
The parametric equations for the test particle’s trajectory during the in-
teraction with the radiation field are then obtained by integrating the equa-
tions dxα/dτ = Uα, i.e.,
dt
dτ
= γ ,
dxaˆ
dτ
= γν aˆ . (6.17)
By introducing the notation
I(a, b, c, d; ξ) ≡
∫ ξ
0
a+ bξ′√
c+ dξ′
dξ′ =
2
3d2
(3ad−2bc+dbξ′)
√
c+ dξ′
∣∣∣∣ξ
0
, (6.18)
the corresponding solution can be explicitly written in the form
t− t0 = γ(0) I
(
1, 1/τ∗, 1, 2γ
2
(0)(1− νKcˆν cˆ(0))/τ∗; τ
)
,
xa − xa0 = γ(0) I
(
ν aˆ(0), ν
aˆ
K/τ∗, 1, 2γ
2
(0)(1− νKcˆν cˆ(0))/τ∗; τ
)
, (6.19)
where the quantities γ(0), ν aˆ(0) and x
α
0 refer to the (constant) frame compo-
nents of the particle four-velocity at the start of the interaction and the initial
position there.
In the simplest case of a radiation field composed of photons all propagat-
ing along the z direction, i.e., with νˆaK = δ
a
z and K =
√
2ωK∂v the radiation
force is
1
µ
f(rad)(U) = −Aω2Kγ(1− ν zˆ)
{
[γ2(1− ν zˆ)− 1]m (6.20)
+γ2(1− ν zˆ)(ν xˆexˆ + ν yˆeyˆ)− [γ2ν zˆ(ν zˆ − 1) + 1]ezˆ
}
,
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and the general solution (6.16) becomes
γ =
γ(0)
Σ
[1 + Aω2K(1− ν zˆ(0))τ ] ,[
ν xˆ, ν yˆ, 1− ν zˆ] = γ(0)
γΣ
[
ν xˆ(0), ν
yˆ
(0), 1− ν zˆ(0)
]
, (6.21)
where Σ =
√
1 + 2Aω2Kγ
2
(0)(1− ν zˆ(0))2τ . The parametric equations (6.19) of
the accelerated orbit then simplify to
t− t0 = 1
3γ(0)(1− ν zˆ(0))
[
Στ − Σ− 1
Aω2Kγ
2
(0)(1− ν zˆ(0))2
(1− 3γ2(0)(1− ν zˆ(0)))
]
,
x− x0 = ν xˆ(0)
Σ− 1
Aω2Kγ(0)(1− ν zˆ(0))2
, y − y0 = ν yˆ(0)
Σ− 1
Aω2Kγ(0)(1− ν zˆ(0))2
,
z − z0 = 1
3γ(0)(1− ν zˆ(0))
[
Στ − Σ− 1
Aω2Kγ
2
(0)(1− ν zˆ(0))2
×(1− 3γ2(0)(1− ν zˆ(0))ν zˆ(0))
]
. (6.22)
The corresponding solutions for u and v are given by
u =
Σ− 1√
2Aω2Kγ(0)(1− ν zˆ(0))
,
v − v0 =
√
2
3γ(0)(1− ν zˆ(0))
[
Στ − Σ− 1
Aω2Kγ
2
(0)(1− ν zˆ(0))2
×
(
1− 3
2
γ2(0)(1− ν zˆ(0)2)
)]
. (6.23)
The parametric equations for the orbit using u as parameter and re-
expressing the initial 3-velocity quantities in terms of the initial momenta
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are then given by
u =
1
2pvAω2K
(
1−
√
1 + 4p2vAω
2
Kτ
)
,
v − v0 = u
2p2v
(1 + p2⊥)−
Aω2Ku
2
pv
(
1− 2
3
pvAω
2
Ku
)
,
x− x0 = −px
pv
u , y − y0 = −py
pv
u , (6.24)
where
τ1 = −u1
pv
(1− pvAω2Ku) (6.25)
relates the proper time interval of the interaction to the interval u1. The
associated four-velocity is
U = e−ζ(tf)(u)
[
−pv∂u − 1
2pv
(
e2ζ(tf)(u) + p2⊥
)
∂v + px∂x + py∂y
]
, (6.26)
where we have introduced the notation (“tf" for test field)
eζ(tf)(u) = 1− 2pvAω2Ku . (6.27)
This quantity, evaluated at u = u1 (τ = τ1) where the interaction with
the wave ends, should be compared with the initial four-velocity U(0), at
u = 0 (τ = 0), given in (6.3). In this case, since the spacetime is flat
everywhere, we can image U(0) (trivially) parallely transported along the
particle trajectory up to the same spacetime point where U is located, at the
end of the interaction. The comparison then results in a boost relating these
two vectors, namely
U = γ(U,U(0))
[
U(0) + ||ν(U,U(0))||νˆ(U,U(0))
]
, (6.28)
with the spacelike unit direction-vector of the relative velocity (notation: U
with respect to U(0)) given by
νˆ(U,U(0)) = −
P (U(0))∂v
pv
= − 1
pv
∂v − U(0) = − 1√
2ωKpv
K − U(0) , (6.29)
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where P (U(0)) projects orthogonally to U(0) and K = ωK(∂t+ ∂z) =
√
2ωK∂v
is the photon field. The relative speed is instead
||ν(U,U(0))|| = tanh(ζ(tf)(u1)) , (6.30)
demonstrating that ζ(tf)(u) can be interpreted as the rapidity boost parameter
for the four-velocity relative to the initial four-velocity. Note that this shows
that U lies in the plane of U(0) and K. In other words the final specific
momentum U is just the result of a boost of the initial specific momentum
U(0) along the direction of the relative velocity of the wave vector of the
radiation field with respect to it.
This simple analysis can be easily generalized to a sandwich spacetime in
which the plane wave zone is a portion of an electrovac plane-wave spacetime
in between two flat spacetime regions as above, either representing the exact
gravitational field due to an electromagnetic plane wave or to a gravitational
plane wave. The resulting change in four-momentum or four-velocity of the
test particle from u = 0 to u = u1 can then be compared with the flat
spacetime case with either no interaction or an interaction with a test elec-
tromagnetic field as just evaluated. While the scattering by a gravitational
plane wave is well known, the electrovac case is not, nor has any comparison
been made with the Poynting-Robertson-like interaction, as we will do below.
6.2 Scattering of particles by a gravitational plane wave
Consider the interaction of a test particle with a gravitational radiation field
described by the spacetime metric of an exact gravitational plane wave with
a single polarization state (+ state) [44] traveling in the positive z direction
orthogonal to the symmetry planes (with the same relationship between the
coordinates as above)
ds2 = −dt2 + F (u)2dx2 +G(u)2dy2 + dz2
= −2dudv + F (u)2dx2 +G(u)2dy2 , (6.31)
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with
F (u) = cos(b(gw)u) , G(u) = cosh(b(gw)u) , (6.32)
where ω(gw) = b(gw)/
√
2 is the frequency of the gravitational wave under
consideration, and s = b(gw)u = ω(gw)(t−z) is a convenient combination used
below. 1 We continue to use the same static frame as in the flat case.
The gravitational wave is sandwiched between two Minkowskian regions
u ∈ (−∞, 0) ∪ (u1,∞), and the metric would have a coordinate horizon at
b(gw)u =
π
2
where the metric is degenerate but this is avoided by restricting the
coordinate u to the interval [0, u1] with b(gw)u1 < π2 . The matching conditions
impose restrictions on the metric functions F and G before and after the
passage of the wave where the spacetime is Minkowskian. As discussed in
detail by Rindler in [4], a possible choice to extend the metric for all values
of u is the following
F G
(I) 1 1
(II) cos(b(gw)u) cosh(b(gw)u)
(III) (α + βu) (γ + δu)
(6.33)
where labels I, II and III refer to the in zone (u ≤ 0), the wave zone (0 < u <
u1) and the out zone (u ≥ u1), respectively. Values of the constants α, β, γ
and δ can be completely determined by requiring C1 regularity conditions at
the boundaries u = 0 and u = u1 of the sandwich, that is
F (0) = 1 = G(0) , F ′(0) = 0 = G′(0) ,
F (u1) = α + βu1 , G(u1) = γ + δu1 ,
F ′(u1) = β , G
′(u1) = δ ,
(6.34)
1 The discussion of the particle motion in inertial coordinates detailed below recalls
some of the results already discussed in Sec. 5.2, but in a gravitational wave spacetime
with more general metric functions and in a slightly different null coordinate system.
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which in this case imply
α = cos(b(gw)u1) + b(gw)u1 sin(b(gw)u1) , β = −b(gw) sin(b(gw)u1) ,
γ = cosh(b(gw)u1)− b(gw)u1 sinh(b(gw)u1) ,
δ = b(gw) sinh(b(gw)u1) . (6.35)
Let us consider the wave region (II), with functions F and G given by
(6.32). As in the flat spacetime case, a test particle with mass µ entering
the wave region follows a geodesic path with four-velocity U and associated
four-momentum P = µU given by (see, e.g., Ref. [12])
U = −pv∂u − 1
2pv
(
1 +
p2x
F (u)2
+
p2y
G(u)2
)
∂v +
px
F (u)2
∂x +
py
G(u)2
∂y , (6.36)
where the conserved specific momenta pv, px and py still allow the complete
integration of the geodesic equations. Using the explicit form of the met-
ric functions F and G valid in the wave zone and imposing the matching
at the boundary I–II where the geodesics join at the spacetime point with
coordinates (0, v0, x0, y0) then gives
u = −pvτ , v = 1
2p2v
(
u+
p2x
b(gw)
tan(b(gw)u) +
p2y
b(gw)
tanh(b(gw)u)
)
+ v0 ,
x = − px
b(gw)pv
tan(b(gw)u) + x0 , y = − py
b(gw)pv
tanh(b(gw)u) + y0 . (6.37)
Clearly, these geodesic world lines should be matched with the straight lines
of the in zone at u = 0.
The geodesic four-velocity in the inertial coordinates and with the metric
functions conveniently re-expressed in terms of s = ω(gw)(t− z) is
U = − pv√
2
[
1 +
1
2p2v
(
1 +
p2x
cos2 s
+
p2y
cosh2 s
)]
∂t +
px
cos2 s
∂x +
py
cosh2 s
∂y
− pv√
2
[
−1 + 1
2p2v
(
1 +
p2x
cos2 s
+
p2y
cosh2 s
)]
∂z . (6.38)
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Coordinate and frame components of the four-velocity are now related by
U t = γ ,
Ux
U t
=
ν xˆ
cos s
,
Uy
U t
=
ν yˆ
cosh s
,
U z
U t
= ν zˆ . (6.39)
Using the relations (6.5) at s = 0 to express the Killing constants (pv, px, py)
in terms of the initial values ν aˆ(0) ≡ ν aˆ(0) at the start of the interaction, one
finds with some manipulation
γ =
γ(0)
2(1− ν zˆ(0))
V (s)
cos2 s cosh2 s
, (6.40)
[
ν xˆ, ν yˆ, 1− ν zˆ] = 2(1− ν zˆ(0))cos s cosh sV (s)
×
[
ν xˆ(0) cosh s, ν
yˆ
(0) cos s, (1− ν zˆ(0)) cos s cosh s
]
,
where
V (s) =
[
2(1− ν zˆ(0)) cos2 s+ ν xˆ(0)2 sin2 s
]
cosh2 s− ν yˆ(0)2 cos2 s sinh2 s . (6.41)
Finally, the parametric equations for the particle’s geodesic orbit are
t− t0 = 1
ω(gw)(1− ν zˆ(0))
[(
1−
ν xˆ(0)
2 + ν yˆ(0)
2
2(1− ν zˆ(0))
)
s
+
ν xˆ(0)
2 tan s+ ν yˆ(0)
2 tanh s
2(1− ν zˆ(0))
]
, x− x0 =
ν xˆ(0) tan s
ω(gw)(1− ν zˆ(0))
,
z − z0 = 1
ω(gw)(1− ν zˆ(0))
[(
ν zˆ(0) −
ν xˆ(0)
2 + ν yˆ(0)
2
2(1− ν zˆ(0))
)
s
+
ν xˆ(0)
2 tan s+ ν yˆ(0)
2 tanh s
2(1− ν zˆ(0))
]
, y − y0 =
ν yˆ(0) tanh s
ω(gw)(1− ν zˆ(0))
,
s = ω(gw)γ(0)(1− ν zˆ(0))τ , (6.42)
where (t0, x0, y0, z0) denote the coordinates of the spacetime point where the
interaction between the test particle and the gravitational wave starts.
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6.3 Scattering of particles by an electromagnetic plane wave
Now instead let the test particle interact with a photon radiation field in the
gravitational field generated by an electromagnetic plane wave propagating
along the positive z axis exactly as in the flat spacetime case in Sec. 6.1. The
corresponding conformally flat line element found by Griffiths [15] is given
by (6.31) with functions
F = cos(b(em)u) = G , (6.43)
differing from the corresponding gravitational wave case only by a trigono-
metric rather than hyperbolic cosine appearing in G, so that the above anal-
ysis with the additional interaction with the radiation field is easily repeated
as done in Ref. [27], allowing a comparison between these two cases as well
as with the flat one. However, the present case corresponds to a nonvac-
uum spacetime which is a solution of the Einstein equations with energy-
momentum tensor
T = φ0K ⊗K , K = b(em)∂v =
√
2ω(em)∂v , (6.44)
where φ0 = 1/4π and ω(em) is the frequency of the wave. This corresponds
to the flat case of Sec. 6.1 with Ku < 0 and Kx = Ky = Kv = 0 and ω(em) =
ωK , which makes the energy-momentum tensors agree. For convenience we
introduce the parameter s = b(em)u = ω(em)(t− z).
As in the previous section, the metric would have a coordinate horizon
at b(em)u = π/2 but this is avoided by restricting the coordinate u to the
interval [0, u1] with u1 < π/(2b(em)). Similarly let the electromagnetic wave
spacetime be sandwiched between two Minkowskian regions u ∈ (−∞, 0) ∪
(u1,∞), again as in Fig. 6.1. The matching conditions (6.34) at the two null
hypersurface boundaries now imply
α = cos(b(em)u1) + b(em)u1 sin(b(em)u1) = γ ,
β = −b(em) sin(b(em)u1) = δ . (6.45)
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Again consider the behavior of neutral test particles in such a spacetime
with the additional interaction with the radiation field deflecting them from
geodesic motion. However, now the radiation field is not a test field su-
perimposed on a given gravitational background, so that the treatment is
self-consistent.
The observer decomposition of the radiation force of equations (6.11)
and (6.12) is formally the same as in equation (6.20), with ωK replaced by
ω(em) and the parameter A defined as in equation (6.13). The flat spacetime
equations of motion (6.14) with ν aˆK = δ
aˆ
z acquire an extra term proportional
to ω(em) which now explicitly depends on the coordinate u through s,
dν xˆ
dτ
= −Aω2(em)(1− ν zˆ)ν xˆ − ω(em)γν xˆ tan s (ν xˆ2 + ν yˆ2 + ν zˆ − 1) ,
dν yˆ
dτ
= −Aω2(em)(1− ν zˆ)ν yˆ − ω(em)γν yˆ tan s (ν xˆ2 + ν yˆ2 + ν zˆ − 1) ,
dν zˆ
dτ
= Aω2(em)(1− ν zˆ)2 + ω(em)γ tan s (ν yˆ2 + ν xˆ2)(1− ν zˆ) . (6.46)
These must be completed with the evolution equations for t, x, y and z
(6.39), i.e.,
dt
dτ
= γ ,
dx
dτ
=
γν xˆ
cos s
,
dy
dτ
=
γν yˆ
cos s
,
dz
dτ
= γν zˆ , (6.47)
which can be integrated exactly, first re-expressing the derivatives in terms
of s through ds/dτ = ω(em)γ(1 − ν zˆ). This simplifies the velocity equations
to
dν xˆ
ds
= −A
γ
ω(em)ν
xˆ − ν
xˆ
1− ν zˆ (ν
xˆ2 + ν yˆ2 + ν zˆ − 1) tan s ,
dν yˆ
ds
= −A
γ
ω(em)ν
yˆ − ν
yˆ
1− ν zˆ (ν
xˆ2 + ν yˆ2 + ν zˆ − 1) tan s ,
dν zˆ
ds
=
A
γ
ω(em)(1− ν zˆ) + (ν yˆ2 + ν xˆ2) tan s . (6.48)
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The corresponding solutions are then easily obtained:
γ =
γ(0)
cos2 s
1 + (1− ν zˆ(0))(W (s) cos2 s−W (0))
1 + Aγ(0)(1− ν zˆ(0))ω(em)s
,[
ν xˆ, ν yˆ, 1− ν zˆ] = cos s
1 + (1− ν zˆ(0))(W (s) cos2 s−W (0))
×
[
ν xˆ(0), ν
yˆ
(0), (1− ν zˆ(0)) cos s
]
, (6.49)
where ν aˆ(0) ≡ ν aˆ(0) and
W (s) =
1
2
+
1
2
(1 + Aγ(0)(1− ν zˆ(0))ω(em)s)2
γ2(0)(1− ν zˆ(0))2
. (6.50)
When A = 0 (geodesic case) the solution is still given by equation (6.49) with
W (s) = W (0). As in the previous section the integration of the equations
of motion has been carried out by assuming that the interaction starts at a
proper time τ = 0 associated with s = 0, and that before the interaction the
test particle moves along geodesic lines described by (6.6) and (6.7). Again
the values ν aˆ(0) refer to the particle’s initial spatial velocity at the start of the
interaction, whose relation with the Killing constants (pv, px, py) is still given
by (6.5).
Using (6.49), the equation for s then becomes
ds
dτ
=
γ(0)(1− ν zˆ(0))ω(em)
1 + Aγ(0)(1− ν zˆ(0))ω(em)s
, (6.51)
whose solution is
s =
√
1 + 2Aω2(em)γ
2
(0)(1− ν zˆ(0))2τ − 1
Aω(em)γ(0)(1− ν zˆ(0))
. (6.52)
Equations (6.47) can then be integrated to obtain the solution for the
accelerated orbit (see Ref. [27] for details) leading finally to the parametric
equations for the orbit in terms of the coordinates (u, v, y, z) with u as the
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parameter
u =
s
b(em)
=
1
Apvb2(em)
(
1−
√
1 + 2Ap2vb
2
(em)τ
)
,
v − v0 = 1
2p2v
(
u+
p2⊥
b(em)
tan(b(em)u)
)
− Ab
2
(em)u
2
2pv
(
1− A
3
pvb
2
(em)u
)
,
x− x0 = − px
b(em)pv
tan(b(em)u) ,
y − y0 = − py
b(em)pv
tan(b(em)u) , (6.53)
with associated four-velocity
U = e−ζ(em)(u)
{
− pv∂u − 1
2pv
[
e2ζ(em)(u) +
p2⊥
cos2(b(em)u)
]
∂v
+
px
cos2(b(em)u)
∂x +
py
cos2(b(em)u)
∂y
}
, (6.54)
where we have introduced the notation
eζ(em)(u) = 1− Apvb2(em)u . (6.55)
6.4 Test particle motion after the interaction with a radiation
field
Let us now consider a test particle emerging from its interaction in region
II with a yet unspecified radiation field (including the flat case with a test
radiation field) entering the flat spacetime region III (see equation (6.33)) at
the point P1 with coordinates (u1, v1, x1, y1) associated with a proper time
value τ1. Although the spacetime in region III is flat, the metric functions
F (u) and G(u) for both the case of electromagnetic and gravitational wave
do not have the value 1 associated with flat coordinates. In fact, they can
be represented by
F (u) = α + βu , G(u) = γ + δu . (6.56)
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Clearly, this representation also holds in the flat case with α = 1 = γ and β =
0 = δ. Standard Cartesian coordinates must be obtained by two successive
coordinate transformations, namely (u, v, x, y)→ (U , V,X, Y )
U = u , X = F (u) x , Y = G(u) y ,
V = v +
1
2
F (u)F ′(u) x2 +
1
2
G(u)G′(u) y2 , (6.57)
for which ∂V = ∂v and then (U , V,X, Y )→ (T,X, Y, Z)
T =
U + V√
2
, Z =
V − U√
2
, X = X , Y = Y . (6.58)
Let us denote the specific four-momentum in region III and in (U , V,X, Y )
coordinates by
U = −QV
(
∂U +
1 +Q2⊥
2Q2V
∂V
)
+QX∂X +QY ∂Y , (6.59)
where QV , QX , QY are constant. The emerging particle four-velocity and the
parametric equations for its trajectory are then explicitly obtained (in both
coordinate systems) by imposing matching conditions at the boundary II–III
where τ = τ1, and will be discussed below in the three different cases.
Finally consider a collection of particles labeled by their initial coordinates
x0 and y0 along the transverse directions x and y to the wave propagation.
Particles scattered by the wave pulse will have different outgoing momentum
four-vectors, depending on their initial data. The matching at the boundary
II–III of the wave-zone and out-zone four-momenta provide a map between
the transverse components of the four-momentum in any spacelike plane
associated with the static observer’s rest space in the final Minkowski region
and the initial location of those particles in a similar plane in the initial
Minkowski region. Therefore, one can define a classical differential scattering
cross section associated with this transverse scattering map in terms of the
outgoing momentum components as follows [42]
dσclass = dx0dy0 = |J |dQXdQY , (6.60)
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where J denotes the Jacobian of the transformation between (QX , QY ) and
(x0, y0).
6.4.1 Flat spacetime with test radiation field
In the simplest case of a test radiation field superimposed on a flat spacetime
we find (see equation (6.26))
QV = pve
−ζ(tf)(u1) , QX = pxe
−ζ(tf)(u1) , QY = pye
−ζ(tf)(u1) . (6.61)
Thus the transverse differential scattering cross section vanishes in this case.
The effect of the test field on the particle’s four-velocity has been examined
in Sec. 6.1, considering the initial and final 4-velocity vectors, as given by
(6.3) and (6.26), in flat spacetime. In the case of a test radiation field the
vectors are related by a boost,
U − U(0) ≡ ∆U(tf) =
(
e−ζ(tf)(u1) − 1) [− pv∂u
− 1
2pv
(−eζ(tf)(u1) + p2⊥) ∂v + px∂x + py∂y] .(6.62)
The effect of the wave on the particle’s 4-velocity can be also summarized
by a boost if one considers both the initial and the final 4-velocity vectors in
the same flat spacetime. We can write
U = γ(U,U(0))[U(0) + ν(U,U(0))] (6.63)
with
γ(U,U(0)) = 1− U(0) ·∆U(tf) , ν(U,U(0)) =
P (U(0))∆U(tf)
1− U(0) ·∆U(tf) , (6.64)
where P (U(0)) projects orthogonally to U(0) and the scalar product here refers
to the flat spacetime metric.
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6.4.2 Gravitational wave radiation field
In order to obtain the values of the constant components of the emerging
four-momentum we first apply the coordinate transformation (6.57) to the
four-velocity (6.59). Next we require the latter to match at the boundary II–
III where τ = τ1 = −u1/pv, i.e., at the spacetime point P1 with coordinates
(u1, v1, x1, y1), with the wave-zone four-velocity (6.36) with functions F and
G given by (6.32). By identifying the components there we finally get the
result
QV = pv , QX = pv sin(b(gw)u1)b(gw)x0 + px cos(b(gw)u1) ,
QY = −pv sinh(b(gw)u1)b(gw)y0 + py cosh(b(gw)u1) , (6.65)
where the following relations have been used
v1 =
1
2p2v
[
u1 +
p2x
b(gw)
tan
(
b(gw)u1
)
+
p2y
b(gw)
tanh
(
b(gw)u1
)]
+ v0 ,
x1 = − px
b(gw)pv
tan
(
b(gw)u1
)
+ x0 ,
y1 = − py
b(gw)pv
tanh
(
b(gw)u1
)
+ y0 , (6.66)
to re-express the coordinates at the boundary P1 in terms of those of P0
associated with τ = 0, where the interaction between the test particle and
the gravitational wave starts. Note that also the flat spacetime coordinate
frames {∂U , ∂V , ∂X , ∂Y } and {∂u, ∂v, ∂x, ∂y} have been identified to make the
comparison, and that the momentum pv is conserved here.
The differential (transverse) scattering cross section (6.60) is then given
by
dσ
(gw)
class =
dQXdQY
p2vb
2
(gw) sin(b(gw)u1) sinh(b(gw)u1)
. (6.67)
The effect of the wave on the particle’s 4-velocity can be also summarized by
a boost if one considers both the initial and the final 4-velocity vectors in the
same flat spacetime. In this sense, by using equation (6.59) and its analogous
for U(0) before the passage of the wave (i.e., with QV , QX , QY replaced by
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pv, px, py), we can write
U−U(0) ≡ ∆U(gw) = − 1
2pv
(Q2⊥−p2⊥)∂v+(QX−px)∂x+(QY −py)∂y , (6.68)
as in (6.62), so that the relative decomposition U = γ(U,U(0))(U(0)+ν(U,U(0))
is accomplished with
γ(U,U(0)) = 1− U(0) ·∆U(gw) , ν(U,U(0)) =
P (U(0))∆U(gw)
1− U(0) ·∆U(gw) , (6.69)
as in (6.64), where P (U(0)) projects orthogonally to U(0) and the scalar prod-
uct here refers to the flat spacetime metric. The direct evaluation of the rel-
ative velocity ν(U,U(0)) follows straightforwardly from equation (6.65). Note
that equation (6.69) is the curved spacetime counterpart of equation (6.29)
of the flat case examined previously. For instance, assuming x0 = 0 = y0,
from (6.65) we have
QX = px cos(b(gw)u1) , QY = py cosh(b(gw)u1) , (6.70)
and hence ∆U(gw) becomes
∆U(gw) = − 1
2pv
[−p2x sin2(b(gw)u1) + p2y sinh2(b(gw)u1)]∂v
+px[cos(b(gw)u1)− 1]∂x + py[cosh(b(gw)u1)− 1]∂y . (6.71)
6.4.3 Electromagnetic wave radiation field
In the case of the spacetime of an electromagnetic wave, the matching con-
ditions at P1 with coordinates (u1, v1, x1, y1) give the following value of the
proper time
τ1 = −u1
pv
(
1− 1
2
Apvb
2
(em)u1
)
. (6.72)
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The relation between “in” and “out” momenta in this case is
QV = pve
−ζ(em)(u1) ,
QX = [pv sin(b(em)u1)b(em)x0 + px cos(b(em)u1)]e
−ζ(em)(u1) ,
QY = [pv sin(b(em)u1)b(em)y0 + py cos(b(em)u1)]e
−ζ(em)(u1) , (6.73)
where the following relations have been used
v1 =
1
2p2v
[
u1 +
p2⊥
b(em)
tan
(
b(em)u1
)]
−
1
2
Ab2(em)u
2
1
pv
(
1− 1
3
Apvb
2
(em)u1
)
+ v0 ,
x1 = − px
b(em)pv
tan
(
b(em)u1
)
+ x0 ,
y1 = − py
b(em)pv
tan
(
b(em)u1
)
+ y0 . (6.74)
The differential scattering cross section (6.60) is then given by
dσ
(em)
class =
e2ζ(em)(u1)dQXdQY
p2vb
2
(em) sin
2(b(em)u1)
. (6.75)
The effect of the wave on the particle’s 4-velocity can be similarly summarized
by a boost if one considers both the initial and the final 4-velocity vectors
in the same flat spacetime, identifying {∂U , ∂V , ∂X , ∂Y } with {∂u, ∂v, ∂x, ∂y}
in order to make the comparison. Expressing U in region III in the same
form as equation (6.59) (but now taking into account (6.73)) and comparing
it with the original U(0) before the passage of the electromagnetic wave, we
can now write the final difference as U − U(0) ≡ ∆U(em) with
∆U(em) = −(QV − pv)∂u + 1
2QV pv
[(1 + p2⊥)QV − (1 +Q2⊥)pv]∂v
+(QX − px)∂x + (QY − py)∂y . (6.76)
Similarly, the relative decomposition U = γ(U,U(0))(U(0) + ν(U,U(0))) is ac-
complished with the equivalent of equation (6.69). Here, the direct evaluation
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of the relative velocity ν(U,U(0)) follows straightforwardly from (6.73). For
instance, for x0 = 0 = y0 the difference ∆U(em) becomes
∆U(em) = −pv
(
e−ζ(em)(u1) − 1) ∂u − 1
2pv
[ (
eζ(em)(u1) − 1)
+p2⊥
(
cos2(b(em)u)e
−ζ(em)(u1) − 1) ]∂v
+
(
e−ζ(em)(u1) cos(b(em)u1)− 1
)
(px∂x + py∂y) . (6.77)
6.5 The effect of the interaction: a comparative analysis
In the preceding sections we have discussed the scattering of massive neutral
test particles be radiation fields of different kinds: a photon test field in a
flat spacetime background, or a radiation field generated by a strong plane
gravitational wave, or an exact electromagnetic wave in a general relativistic
context. We have considered the comparative scenario in which the inter-
action between radiation fields and particles has a finite duration, i.e., the
spacetime region containing the radiation field is sandwiched between two
Minkowskian zones, so that the initial state of the particle is assumed to be
the same for the three different radiation fields under consideration. The
effect of the interaction in all cases is a change in the linear momentum of
the particle from its initial state before the scattering and the final state
transferred to the particle by the radiation itself. The properties of the dif-
ferent radiation fields determine the final state of the particle and its linear
momentum there. In the case in which the radiation field is represented by
either a photon test field in a flat spacetime or the self-consistent field of the
exact electromagnetic wave, the interaction has been modeled by including
a force term à la Poynting-Robertson into the equations of motion given by
the four-momentum density of radiation observed in the particle’s rest frame
with a multiplicative constant factor expressing the strength of the interac-
tion itself. The resulting motion is therefore not geodesic in both cases. On
the contrary, in the case in which the radiation field is represented by the
gravitational field of a single plane gravitational wave, particles propagate
along geodesics.
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We have computed the boost (related to the simpler specific four-momentum
difference ∆U) relating the initial and final 4-momentum of the particle, U(0)
and U , both understood in the context of the flat spacetime zones which
sandwich the interaction region in between. For the various cases and with
the notation considered above, we have found for the projection of ∆U on
the transverse x− y plane
∆U⊥(tf) =
(
e−ζ(tf)(u1) − 1) (px∂x + py∂y) ,
∆U⊥(gw) = px[cos(b(gw)u1)− 1]∂x + py[cosh(b(gw)u1)− 1]∂y ,
∆U⊥(em) =
(
e−ζ(em)(u1) cos(b(em)u1)− 1
)
(px∂x + py∂y) , (6.78)
whereas for the projection on the transverse u− v plane
∆U
‖
(tf) = −
1
2pv
[(
eζ(tf)(u1) − 1)+ p2⊥ (e−ζ(tf)(u1) − 1)] ∂v
−pv
(
e−ζ(tf)(u1) − 1) ∂u
∆U
‖
(gw) = −
1
2pv
[−p2x sin2(b(gw)u1) + p2y sinh2(b(gw)u1)]∂v
∆U
‖
(em) = −
1
2pv
[(
eζ(em)(u1) − 1)+ p2⊥ (cos2(b(em)u)e−ζ(em)(u1) − 1)] ∂v
−pv
(
e−ζ(em)(u1) − 1) ∂u . (6.79)
In the limit of small electromagnetic field compared to the duration of the
wave |b(em)|u1 =
√
2|ω(em)|u1 ≪ 1 in the final case of the exact electrovac
solution field, one obtains the same result as in the first case of a test field
with the same frequency ωK = ω(em) and therefore the same radiation field
energy-momentum tensor. In the gravitational case the transverse change in
the momentum involves a rotation due to the deformation of the plane wave
directions by the wave, while in the electromagnetic cases only an overall
scaling is involved. For the longitudinal changes, the gravitational case lacks
a component along ∂u because the motion is geodesic and ∂v is a Killing
vector field, while in the other cases the force responsible for the change in
momentum itself has a covariant component along ∂v.
This comparative analysis shows how the nature of the interaction of
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massive particles with radiation fields of different kinds strongly influences
the scattering process, in principle leading to detectable observational con-
sequences.
7. LIGHT SCATTERING BY RADIATION FIELDS: THE
OPTICAL MEDIUM ANALOGY
In this chapter we will investigate the scattering of light by a radiation field
given by either an exact gravitational plane wave or an exact electromagnetic
wave, described by the spacetime metrics introduced in the previous chapter
to study the scattering of massive test particle. Once again we assume the
interaction region to be sandwiched between two flat spacetime regions. We
first develop the equivalent medium analogy of the associated background
fields as in Chapter 4, by exploring the optical properties of the corresponding
effective material media. Using standard tools of ordinary wave optics we
then study the deflection of photon paths due to the interaction with the
radiation field, allowing for a comparison between the optical properties of
the equivalent media associated with the different background fields.
The results discussed in this chapter have been published in Europhys.
Lett. 102, 20006 (2013) [45].
7.1 The optical medium analogy of a gravitational wave
background
We recall the background of a radiation field (either generated by a gravita-
tional plane wave or an electromagnetic wave) propagating along the z axis
of an adapted coordinate system (t, x, y, z), with the background spacetime
described by the line element [44]
ds2 = −dt2 + dz2 + F (t− z)2dx2 +G2(t− z)dy2
= −2dudv + F (u)2dx2 +G2(u)dy2 . (7.1)
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where the null coordinates u = (t− z)/√2 and v = (t+ z)/√2 are related to
the Cartesian ones in a standard way; radiation fields of this type have been
previously introduced in Chapter 6.
In this section we once again consider the (vacuum) case of a gravitational
plane wave with a single polarization state (+ state), corresponding to metric
functions
F (u) = cos b(gw)u , G(u) = cosh b(gw)u , (7.2)
as introduced in equation (6.32) in Sec. 6.2; the gravitational wave is sand-
wiched between two Minkowskian regions, and by imposing matching con-
ditions at the boundaries the metric is extended to all values of u, namely
[4]
F (u) =

1 u ≤ 0 (I)
cos b(gw)u 0 ≤ u ≤ u1 (II)
α + βu u ≥ u1 (III)
G(u) =

1 u ≤ 0 (I)
cosh b(gw)u 0 ≤ u ≤ u1 (II)
γ + δu, u ≥ u1 (III)
(7.3)
where labels I, II and III refer to in zone (u ≤ 0), wave zone (0 < u < u1)
and out zone (u ≥ u1), respectively, and with the constants α, β, γ and δ
defined as in equation (6.35) in Sec. 6.2.
Working out the electromagnetic analogy for the gravitational wave back-
ground, we find for the electric and magnetic permeability tensors (4.4) of the
corresponding equivalent medium in the wave zone the following expressions
ǫab = µab = diag[ǫ1, ǫ2, ǫ3] = diag
[
G
F
,
F
G
, FG
]
, (7.4)
while the rotation vector Ma = 0 vanishes identically, so that the medium is
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linear and nongyrotropic. In the weak field limit b(gw)u≪ 1 we have
ǫ1 =
cosh b(gw)u
cos b(gw)u
∼ 1 + b2(gw)u2 ,
ǫ2 =
1
ǫ1
∼ 1− b2(gw)u2 ,
ǫ3 = cosh b(gw)u cos b(gw)u ∼ 1 , (7.5)
up to the second order. The general definition (4.14) of the refraction index
then gives
n =
FG√
G2e21 + F
2e22 + F
2G2e23
. (7.6)
The anisotropic properties of the medium are evident considering photons
traveling in the three coordinate directions. For instance, for photons along
the x axis is e = ∂x so that n = nx = F , whereas for photons along the y
axis is n = ny = G and for photons along the z axis is n = nz = 1. In fact,
starting from the vanishing of the line element ds2 = 0 for photons, we have
dt2 = F (u)2dx2 +G(u)2dy2 + dz2
= ǫ2ǫ3dx
2 + ǫ1ǫ3dy
2 + dz2 , (7.7)
so that the travel coordinate time of light can be expressed in terms of an
associated optical path
dt =
√
n2xdx
2 + n2ydy
2 + n2zdz
2 , (7.8)
whereas the identification
nx =
√
ǫ2ǫ3 , ny =
√
ǫ1ǫ3 , nz = 1 , (7.9)
characterizes the anisotropic properties of the medium. Explicitly, in the
wave region, we find
nx = F (u) < 1 , ny = G(u) > 1 , (7.10)
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and hence it follows that the x and y axes are naturally defined as the su-
perluminal and subluminal direction of light propagation, respectively. It is
worth noticing that such a definition holds only for coordinate components
of the velocity of light in the chosen coordinate system.
In the in zone we have simply
ǫ1 = ǫ2 = ǫ3 = 1 , (7.11)
so that n = nx = ny = nz = 1, whereas in the out zone it is
ǫ1 =
γ + δu
α + βu
=
1
ǫ2
, ǫ3 = (γ + δu)(α + βu) . (7.12)
As has been discussed before, it is always possible to perform a coordinate
transformation (t, x, y, z)→ (T,X, Y, Z) in the out zone that will convert the
line element to the standard Minkowskian form; see equations (6.57) in Sec.
6.4 for details. In the new Cartesian coordinates, the electric permeability
tensor is again diagonal and has unitary components. Thus the refraction
index n in both in and out zone can be set equal to 1, provided the frame
{∂U , ∂V , ∂X , ∂Y } is identified with {∂u, ∂v, ∂x, ∂y} in order to make the right
comparison.
In the limit of geometric optics electromagnetic waves propagate along
the null geodesics of the background spacetime [46]. Therefore, one can study
how an incoming light beam propagating along a straight line in the in zone
is deflected when passing through the scattering region before emerging in
the out zone, where it moves again along a straight line but with different
direction.
The geodesic motion of photons through the radiation field associated
with an exact gravitational wave has been studied previously in Chapter
5, for a similar sandwich scenario but in a slightly different null coordinate
system. Let us briefly discuss the propagation of photons on the background
described by (7.1) and (7.3).
In the in zone, the constant photon four-momentum PI can be parametrized
in terms of the conserved specific momenta pv, px and py associated with the
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three Killing vectors ∂v, ∂x, ∂y as
PI = −pv
(
∂u +
p2⊥
2p2v
∂v
)
+ p⊥
= − 1√
2
pv
(
1 +
p2⊥
2p2v
)
∂t + p⊥
− pv√
2
(
−1 + p
2
⊥
2p2v
)
∂z , (7.13)
where p⊥ = px∂x+ py∂y (with p2⊥ = p
2
x+ p
2
y using the flat spacetime notation
for convenience) and pv < 0 for PI to be future-pointing.
In the wave zone we have instead
PII = −pv∂u − 1
2pv
(
p2x
F (u)2
+
p2y
G(u)2
)
∂v
+
px
F (u)2
∂x +
py
G(u)2
∂y ,
= − pv√
2
[
1 +
1
2p2v
(
p2x
F (u)2
+
p2y
G(u)2
)]
∂t
− pv√
2
[
−1 + 1
2p2v
(
p2x
F (u)2
+
p2y
G(u)2
)]
∂z
+
px
F (u)2
∂x +
py
G(u)2
∂y . (7.14)
Finally, in the out zone the constant photon four-momentum in (U, V,X, Y )
coordinates is given by
PIII = −QV
(
∂U +
Q2⊥
2Q2V
∂V
)
+Q⊥ , (7.15)
where Q⊥ = QX∂X + QY ∂Y (with Q2⊥ = Q
2
x + Q
2
y), and the constants
QV , QX , QY are determined by imposing the matching conditions at the
boundary II–III where u = u1. Thus one finds
QV = pv , (7.16)
QX = pv sin(b(gw)u1)b(gw)x0 + px cos(b(gw)u1) ,
QY = −pv sinh(b(gw)u1)b(gw)y0 + py cosh(b(gw)u1) ,
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where x0 and y0 denote the initial values of the coordinates x and y along
the directions transverse to the wave propagation. The constant specific mo-
menta (7.16) of photons scattered by the gravitational wave are the same
found for the scattering of massive particles in equation (6.65) in Sec. 6.4,
if their ingoing motion is characterized by the same initial pv, px, py. Never-
theless, the outgoing four-momentum vector and the particle trajectory after
the interaction with the radiation field depend on the nature of the particle
under consideration (massless or massive); see equations (5.38) and (5.40) in
Sec. 5.2.
Recalling that at the boundary u = u1 (i.e., the most relevant surface to
study light scattering in terms of refraction phenomena) we have
F (u1) = cos(b(gw)u1) = nx|u1
G(u1) = cosh(b(gw)u1) = ny|u1 , (7.17)
and
F ′(u1) = −b(gw) sin(b(gw)u1) = n′x|u1 ,
G′(u1) = b(gw) sinh(b(gw)u1) = n
′
y|u1 , (7.18)
(a prime denoting differentiation with respect to u), the transverse momen-
tum in the out zone can be written as
Q⊥ = Ap⊥ − pvA′X0 , (7.19)
where
A =
(
nx 0
0 ny
)
, A′ =
(
n′x 0
0 n′y
)
(7.20)
and X0 = (x0, y0). The symbol |u1 has been omitted for simplicity.
If the photon impacts the wave region (in the transverse plane) at the
origin of the coordinates, i.e., x0 = 0 = y0, equation (7.19) implies
Qx = nxpx , Qy = nypy , (7.21)
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Fig. 7.1: [Gravitational wave case] In the space of transverse momenta, the dif-
ferent refraction indices nx and ny on the x and y axes imply that an
initial circular distribution of momenta for incident photons becomes an
ellipse after the refraction process. The plot shows two cases: p⊥ = 1
(external circle and ellipse) and p⊥ = 1/2 (internal circle and ellipse).
The (generic) line intersecting the circle and the ellipse (in both cases)
identifies corresponding pairs (Qx, Qy) and (px, py) related by (7.19) with
a choice of X0 = 0 and using b(gw)u1 = pi/4.
expressing along each axis the Snell law of refraction of ordinary optics. Since
nx 6= ny, the relation (7.19) for X0 = 0 can be represented by an ellipse in
the space of momenta, as shown in Fig. 7.1.
One can also evaluate the angle between the directions of p⊥ and Q⊥, i.e.,
the scattering angle αs, defined by
cosαs =
p⊥ ·Q⊥
|p⊥||Q⊥| =
nxp
2
x + nyp
2
y√
p2x + p
2
y
√
n2xp
2
x + n
2
yp
2
y
. (7.22)
If px = 0 (or py = 0), one simply finds αs = 0. Introducing the polar repre-
sentation of transverse momenta px = p⊥ cosψ, py = p⊥ sinψ, the previous
expression becomes
cosαs =
nx cos
2 ψ + ny sin
2 ψ√
n2x cos
2 ψ + n2y sin
2 ψ
, (7.23)
which is invariant for ψ → π − ψ. Its behavior as a function of ψ is shown
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Fig. 7.2: [Gravitational wave case] The angle αs given by (7.22) and written as a
function of the angle ψ of the polar representation of transverse momenta
in the case b(gw)u1 = pi/4.
in Fig. 7.2. It turns out that the scattering angle αs remains close to zero in
the whole range of allowed transverse momenta.
Vice versa, if the incident photon is purely longitudinal, i.e., px = 0 = py,
equation (7.19) reduces to Q⊥ = −pvA′X0. In this case the photon travels
along the same direction as the gravitational wave, a fact that makes the
whole problem trivial.
7.2 The optical medium analogy of an electromagnetic wave
background
Once again we want to consider the similar situation in which an electro-
magnetic plane wave propagates along the positive z axis and is sandwiched
between two flat spacetime regions, as shown in Fig. (6.1). As previously
introduced in Chapter 6, the corresponding conformally flat line element is
given by (7.1) with functions [15]
F = cos(b(em)u) = G , (7.24)
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differing from the corresponding gravitational wave case only by a trigono-
metric rather than hyperbolic cosine appearing in G, so that the above anal-
ysis for the case of a gravitational wave is easily repeated. we recall that the
present case corresponds to a nonvacuum spacetime which is a solution of
the Einstein equations with energy-momentum tensor
T = φ0K ⊗K , K = b(em)∂v , (7.25)
where φ0 = 1/4π and the background quantity b(em) is related to the fre-
quency of the wave by b(em) =
√
2ω(em).
As in the previous section, the coordinate horizon of the metric at b(em)u =
π/2 is avoided by restricting the coordinate u to the interval [0, u1] with u1 <
π/(2b(em)), and we extend the metric (7.24) to all values of u. The matching
conditions at the two null hypersurface boundaries then imply constants α =
γ, β = δ in the metric functions of the out zone metric, explicitly defined in
equation (6.45) in Sec. 6.3.
The previous analysis of the electromagnetic analogy of a gravitational
wave spacetime can be repeated straightforwardly for the electromagnetic
wave spacetime, now implying in the wave region
nx = ny = cos b(em)u ≡ n , (7.26)
so that n < 1. The relation between in- and out-momenta is now given by
QV = pv , (7.27)
QX = pv sin(b(em)u1)b(em)x0 + px cos(b(em)u1) ,
QY = pv sin(b(em)u1)b(em)y0 + py cos(b(em)u1) . (7.28)
The constant specific momenta (7.27) of photons scattered by the radiation
field of the electromagnetic wave are different from the ones found for the
scattering of massive particles in the same background, even if the ingoing
motion of photons and massive particles is characterized by the same initial
pv, px, py. The deviation from geodesic motion due to the absorption and
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re-emission of radiation by the massive test particles appears as an overall
scaling factor acting on the four-momentum vector of particles emerging from
the interaction; see Eqs. (6.73) in Sec. 6.4. Photons propagate along straight
line trajectories before during and after the interaction with the radiation
field generated by the electromagnetic wave.
Recalling that at the boundary
F (u1) = cos(b(em)u1) = n|u1 ,
F ′(u1) = −b(em) sin(b(em)u1) = n′|u1 , (7.29)
the emerging transverse momentum can be written in the same form as in
equation (7.19) with A = nI and A′ = n′I, I being the identity matrix, so
that
Q⊥ = np⊥ − pvn′X0 . (7.30)
For X0 = 0 this relation implies
Qx = npx , Qy = npy , (7.31)
which can be represented by a circle in the momentum space, as shown in Fig.
7.3. If X0 = 0 (for simplicity) the scattering angle is always αs = 0, showing
the difference between scattering by a gravitational and an electromagnetic
wave.
7.3 The optical properties of the equivalent media
In the preceding sections we have studied the scattering of a light beam by
a radiation field of associated optical properties of the equivalent optically
active medium, considering the case of an exact gravitational plane wave and
that of an exact electromagnetic wave in a general relativistic context.
The most relevant physics involves the plane transverse to the direction
of propagation of the wave: here the equivalent medium of the gravitational
wave is inhomogeneous and anisotropic, whereas that of an electromagnetic
wave is inhomogeneous but isotropic. In both cases the medium is active in
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Fig. 7.3: [Electromagnetic wave case] In the space of transverse momenta, the
coincident refraction indices nx = ny on the x and y axes imply that
an initial circular distribution of momenta for incident photons remains
circular after the refraction process. The plot shows the case p⊥ = 1
(Q⊥ = 1/
√
2). The (generic) line intersecting the two circles identifies
corresponding pairs (Qx, Qy) and (px, py) related by (7.30) in the case
X0 = 0 and using b(em)u1 = pi/4.
the sense that the refraction index depends on time. Nevertheless, one can
treat the scattering process as a series of multiple refractions through media
with nearly constant refraction indices all the way up to the boundary of
the interaction region, so that we are allowed to adopt the standard tools of
ordinary optics.
Moreover, there exist directions in which the effective refraction index
of the medium is less than 1 (so that the coordinate components of the
velocity of light become greater than 1). This realizes an interesting and
novel point of view for looking at the photon scattering by electromagnetic
as well as gravitational waves in the exact theory of general relativity, which
may also have a counterpart in experiments. For instance, by means of
nonlinear optical materials or “metamaterials" available nowadays [47, 48],
one can arrange for an analogue material of the above mentioned radiation
field spacetimes and compare the geometrization of physical interactions with
experimental data. In an experimental scenario, however, we are aware that
a number of difficulties arises. For example, in order to mimic the transient
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event of a passing gravitational wave one would need to consider a moving
optical medium. This can be remedied by constructing a medium that is
susceptible to nonlinear effects, such as an optical activation induced by an
ultrashort, intense laser pulse. Then the optical medium itself remains at rest
but its effective properties change as a propagating front when the medium is
activated by the laser pulse. This method has been used previously to create
fiber-optical analogs of a black hole’s event horizon in laboratory [48].
8. LIGHT PROPAGATION IN A COLLIDING
GRAVITATIONAL WAVE SPACETIME
We now want to apply the optical medium analogy to study light propa-
gation in the background of an exact solution of Einstein’s field equations
representing colliding strong gravitational waves. To the best of our knowl-
edge, in the literature so far only the optical medium analogy of single weak
[32] and strong [45] gravitational wave pulses has been studied.
In the previous chapter we have worked out the optical medium analogy of
a gravitational radiation field sandwiched between two flat regions; we want
to generalize our investigation to the case of two exact (i.e., “strong") colliding
gravitational waves, exploring in particular the collision region associated
with the nonlinear interaction of the waves. It is well known from exact
solutions of Einstein’s equations that the collision process of two gravitational
waves can be associated with two possible scenarios: either the formation of
a Killing-Cauchy horizon or that of a spacetime singularity. There are a
variety of possible solutions which exhibit one of the two above mentioned
features [1, 49]; in the following we will consider the one found by Ferrari
and Ibañez [50, 51, 52] in the 1980s. It has the twofold advantage of being
mathematically simple and allowing us to switch easily between the horizon-
forming and singularity-developing solution by changing the signs of certain
metric functions (which are in turn summarizable with a sign indicator).
In this chapter we will discuss in detail the properties of the equivalent
optical medium of such a colliding gravitational wave spacetime. We ex-
pect that the nonlinear wave interaction leads to a significant modification
of the single wave picture discussed in Chapter 7, especially in connection
with the presence of singular structures which usually form during the col-
lision process. Given the complexity of the nonlinear interaction of the two
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gravitational waves in the framework of general relativity, leading to the for-
mation of either horizons or singularities, the optical medium analogy allows
us to simply capture some interesting effects of light propagation on this
background.
The following discussion of the refraction index analysis of light prop-
agation in a colliding gravitational wave spacetime has been submitted for
publication in Gen. Relat. Grav..
8.1 Colliding gravitational wave spacetimes
Exact solutions of the Einstein equations representing colliding gravitational
plane waves have been discussed extensively in the literature [1]. The space-
time geometry associated with two colliding gravitational plane waves is char-
acterized by the presence of either a spacetime singularity [49] or a Killing-
Cauchy horizon as a result of the nonlinear wave interaction [50, 51, 52]. In
general, such spacetimes contain four regions: a flat spacetime region (Petrov
type-O), representing the initial situation before the passage of the two oppo-
sitely directed plane waves, two Petrov type-N regions, corresponding to the
single waves before the interaction, and an interaction region, generally of
Petrov type-I. Two commuting spacelike Killing vectors are always present,
associated with the plane symmetry assumed for the two colliding waves.
(Like an axisymmetric spacetime, the interaction region of two colliding plane
waves admits two commuting Killing fields.) The spacetime describing the
collision region is most generally characterized by the line element [53]
ds2 = −eM(dt2 − dz2) + e−U [−2 sinhWdx dy
+coshW
(
eV dx2 + e−V dy2
)
] , (8.1)
where all metric functions depend on t and z.
The electric and magnetic permeability tensors (4.4) of the corresponding
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equivalent medium are then given by
ǫab = µab =
 e
−V coshW sinhW 0
sinhW eV coshW 0
0 0 e−(M+U)
 , (8.2)
whereas the rotation vector Ma = 0 vanishes identically in this case.
For a collinear polarization of the plane waves, the metric function W
can be gauged to be zero, so that the metric as well as the resulting electric
and magnetic permeability tensors given above are diagonal. One possible
solution exhibiting these properties is the Ferrari-Ibañez metric considered
below; it shares the most peculiar features of more general solutions of the
same kind.
8.1.1 The degenerate Ferrari-Ibañez metric
Ferrari and Ibañez [50, 51, 52] found a type-D solution of the Einstein equa-
tions that can be interpreted as describing the collision of two linearly polar-
ized gravitational plane waves propagating along a common direction (the z
axis) in opposite senses and developing either a nonsingular Killing-Cauchy
horizon or a spacetime singularity upon collision. The corresponding line
element in the interaction region (hereafter referred to as Region I) can be
written as
ds2I = −F 2+(t)(dt2 − dz2) +
F−(t)
F+(t)
dx2 + cos2 zF 2+(t)dy
2 , (8.3)
where t and z are dimensionless timelike and spacelike coordinates, respec-
tively, and where all the coordinates have been properly rescaled and are
dimensionless. The metric functions are given by
F±(t) = 1± σ sin t , σ = ±1 , (8.4)
with σ = 1 corresponding to a horizon-forming solution at time t = π/2,
whereas σ = −1 denotes a singularity-developing one. The interaction region
where this form of the metric is valid is depicted in the t−z plane by a triangle
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whose vertex represents the initial event of collision and can be identified with
the origin of the coordinate system; the horizon/singularity is mapped onto
the base of the shaded triangle in Fig. 8.1. Therefore, Region I corresponds
to the region −t ≤ z ≤ t, 0 ≤ t ≤ π/2. The instant of collision is t = 0,
while t = π/2 is the instant when the horizon/singularity is created.
If t < 0 the two waves are traveling one against the other in the z direc-
tion. They are single plane waves propagating in flat spacetime. In order
to extend the metric from the interaction region to the remaining parts of
the spacetime representing the single wave zones and the flat spacetime zone
before the arrival of waves, one must first introduce the two dimensionless
null coordinates
u =
t− z
2
, v =
t+ z
2
⇐⇒ t = u+ v , z = v − u , (8.5)
in terms of which the metric (8.3) takes the form
ds2I = −4F 2+(u+ v)dudv
+
F−(u+ v)
F+(u+ v)
dx2 + cos2(u− v)F 2+(u+ v)dy2 . (8.6)
The interaction region corresponds to the triangular region in the u − v
plane bounded by the lines u = 0, v = 0 and u + v = π/2. Following
Khan-Penrose [49], the extension of the metric is then obtained simply by
performing the substitution rules u → uΘ(u) and v → vΘ(v) in (8.6),
using the Heaviside step function Θ. The four spacetime regions
u ≥ 0 , v ≥ 0 , u+ v < π/2 Region I (interaction)
0 ≤ u < π/2 , v < 0 Region II (u−wave)
u < 0 , 0 ≤ v < π/2 Region III (v−wave)
u < 0 , v < 0 Region IV (flat)
(8.7)
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are shown in Fig. 8.1. The resulting extended metric is
ds2II = −4F 2+(u)dudv +
F−(u)
F+(u)
dx2 + cos2 uF 2+(u)dy
2 ,
ds2III = −4F 2+(v)dudv +
F−(v)
F+(v)
dx2 + cos2 vF 2+(v)
2dy2 ,
ds2IV = −4dudv + dx2 + dy2 . (8.8)
In this way the extended metric in general is C0 (but not C1) along the
null boundaries u = 0 and v = 0, so that the Riemann tensor acquires
distributional parts. At the boundaries the Weyl tensor has δ-functions,
otherwise it is regular [54] (the Ricci tensor is vanishing everywhere). One
wave will be a function of u only (in Region II), the other a function of v
only (in Region III). In the t − z plane Region II corresponds to the region
t − π ≤ z ≤ t, and Region III to the region −t ≤ z ≤ π − t. It is worth
noting that certain calculations are more easily done in one or the other of
these two sets of coordinates, so we will switch back and forth between them
as needed.
With a coordinate transformation [54]
t = x , r = F+ , θ =
π
2
− (u− v) , φ = 1 + y , (8.9)
it becomes obvious that the collision region I is locally isometric to a Schwarzschild
black hole bounded by an event horizon; namely, metric (8.3) transforms to
ds2 = −
(
1− 2
r
)
dt2 +
(
1− 2
r
)−1
dr2 + r2
(
dθ2 + sin2 θdφ2
)
, (8.10)
which is the interior metric of a Schwarzschild black hole with mass M = 1.
For both cases σ = ±1 the interaction between the two colliding waves starts
at the surfaces u = v = 0, which correspond to the radius r = 1 in the
gravitational field of a Schwarzschild black hole. If we consider σ = 1 (the
horizon-forming scenario) there is no singularity of the metric on the surface
u + v = π/2. Instead, this surface corresponds to the black hole horizon
r = 2. In the case of σ = −1 (the singularity-developing scenario) F+ does
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Fig. 8.1: The null coordinates (u, v) and the different regions they induce.
tend to zero with u+ v → π/2, and the the surface u+ v = π/2 corresponds
to the Schwarzschild singularity r = 0. In this case the there is no horizon
that shields the singularity [51].
In other words: the Killing-Cauchy horizon at u+ v = π/2 of a colliding-
wave solution with σ = 1 is merely a coordinate singularity (isometric to
the event horizon of a Schwarzschild black hole), whereas the singularity at
u+v = π/2 of a colliding-wave solution with σ = −1 is a physical singularity
(isometric to the Schwarzschild singularity).
8.2 Refraction index analysis of the effective optical medium
Let us apply the optical medium analogy developed in Chapter 4 to the
Ferrari-Ibañez metric (8.3). The associated effective electric and magnetic
permeability tensors (4.4) are given by
ǫab = µab = diag [ǫ1, ǫ2, ǫ3] , (8.11)
with
ǫ1 =
1
ǫ2
=
cos2 z
ǫ3
= cos z
√
F 3+(t)
F−(t)
. (8.12)
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The general definition of the refraction index (4.15) then yields
n =
√
ǫ3
ǫ1e21 + ǫ2e
2
2 + ǫ3e
2
3
, (8.13)
where ea are the components of the spatial unit vector e of the photon di-
rection; see (4.12).
The above relation (8.13) can be further specified for the cases of photons
propagating along the x axis (e = (1, 0, 0), nx =
√
ǫ2ǫ3), the y axis (e =
(0, 1, 0), ny =
√
ǫ1ǫ3) and the z axis (e = (0, 0, 1), nz = 1) only, highlighting
the anisotropic properties of the equivalent medium. In terms of the metric
functions, region I we find
nx =
√
F−(t)
F 3+(t)
, ny = cos z , nz = 1 , (8.14)
and
ǫ1 =
ny
nx
=
1
ǫ2
, ǫ3 = nxny , (8.15)
so that the equivalent medium associated with the background metric is
homogeneous and optically active along the xaxis, while along the y axis it
is inhomogeneous.
In the collision region, for fixed values of t and z it is nx < 1 if σ = 1 and
nx > 1 if σ = −1, whereas ny < 1 for both choices of σ. Hence it follows that
for a singularity-developing metric (σ = −1) the x and y axes are naturally
defined as the subluminal and superluminal directions of light propagation,
respectively. In particular, the refraction index nx diverges while approaching
the singularity, so that the associated effective medium becomes increasingly
opaque in this limit. In the case where the solution has a horizon (σ = 1),
both axes are instead associated with superluminal light propagation, and
the refraction index nx for photons propagating along the x axis goes to zero
as the horizon is approached. The possibility of a photon’s coordinate speed
becoming greater than the speed of light in vacuum is a very interesting effect
which may also have a counterpart in experiments. Current technologies
allow for the construction nonlinear optical materials (or “metamaterials”)
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[55] with refraction indices that are, in general, time-dependent and may
be very low (less than 1) or even negative. Therefore, in principle, one can
arrange for an analogue material of the colliding gravitational wave spacetime
under consideration (endowed with the optical properties discussed above)
and compare the geometrization of physical interactions with experimental
data.
As shown in equation (8.8), the single wave regions II and III are described
by the same line element as in equation (8.6), but with metric components
depending only on either u or v, respectively. Therefore, we find
nx =
√
F−(u)
F 3+(u)
, ny = cos u , nz = 1 , (8.16)
and
nx =
√
F−(v)
F 3+(v)
, ny = cos v , nz = 1 , (8.17)
respectively, with u and v related to t and z by (8.5). The equivalent media
in the two single wave regions are thus inhomogeneous and optically active
along both x and y axis [45].
Finally, in the flat spacetime region IV we have simply ǫ1 = ǫ2 = ǫ3 = 1,
so that n = nx = ny = nz = 1.
It is also interesting to study the behavior of the effective refraction index
(8.13) as a function of z for a given direction on the wave front, i.e., e3 = 0,
and selected values of t before and after the collision. At a fixed time t < 0,
the two waves are confined in the two regions t − π ≤ z ≤ t (progressive
wave) and −t ≤ z ≤ π − t (regressive wave), respectively. The spacetime
is flat for −t ≤ z ≤ t. At a fixed time t > 0, for t − π ≤ z ≤ −t there
is the still incoming first wave, whereas for t ≤ z ≤ π − t there is the still
incoming second wave. For −t ≤ z ≤ t the two waves interact. As the time
t tends to π/2, the region of interaction expands and reaches its maximum
for t = π/2 when the singularity is created between −π/2 ≤ z ≤ π/2. The
above situation is summarized and illustrated in Figs. 8.2 and 8.3. The
photon direction on the wave front has been chosen as e1 = 1/
√
2 = e2, so
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(a) (b)
Fig. 8.2: The behavior of the refraction index (8.13) is shown as a function of z for
a given direction on the wave front e1 = 1/
√
2 = e2, e3 = 0 for different
values of t = [−pi/2,−pi/4, 0] before collision (and at the time of collision
t = 0) in both cases σ = ±1.
that the refraction index (8.13) becomes
n =
√
2ǫ2ǫ3
1 + ǫ2
= nxny
√
2
n2x + n
2
y
, (8.18)
or, equivalently,
1
n2
=
1
2
(
1
n2x
+
1
n2y
)
. (8.19)
It turns out that in the case of solutions with horizon n assumes practically
constant values all over the interaction region after collision.
8.3 Light propagation in all spacetime regions of the extended
metric
Let us study how an incoming light ray propagating along a straight line
in the flat spacetime region IV is deflected when passing through the single
wave region II (or to its symmetric counterpart, Region III) and finally enters
the collision region I before reaching the singularity.
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(a) (b)
Fig. 8.3: The behavior of the refraction index (8.13) is shown as a function of z for
a given direction on the wave front e1 = 1/
√
2 = e2, e3 = 0 for different
values of t = [pi/4, pi/3, pi/2.2] after collision in both cases σ = ±1.
We solve the null geodesic equations in every spacetime region and impose
proper matching conditions at the boundaries so that the photon momentum
Pα = dxα/dλ is continuous everywhere. We limit our analysis to the t − z
(or, equivalently, u−v) plane, where the most important differences between
the horizon-forming and singularity-developing solutions appear, especially
concerning the behavior of the geodesics approaching the hypersurface t =
π/2 (or u+ v = π/2).
The constant photon four-momentum PIV of the incoming photon (Re-
gion IV) can be parametrized in terms of the conserved specific momenta pv,
px and py associated with the three Killing vectors ∂v, ∂x, ∂y as
PIV = −pv
2
(
∂u +
p2⊥
p2v
∂v
)
+ p⊥
= −pv
2
(
1 +
p2⊥
p2v
)
∂t + p⊥ − pv
2
(
−1 + p
2
⊥
p2v
)
∂z , (8.20)
where p⊥ = px∂x+ py∂y (with p2⊥ = p
2
x+ p
2
y using the flat spacetime notation
for convenience) and pv < 0 to ensure that PIV is future-pointing. We have
made use of the relations ∂t = (∂u + ∂v)/2 and ∂z = (∂v − ∂u)/2, as follows
from (8.5).
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In the single u−wave region II the conservation of pv, px and py still holds
(∂v, ∂x, ∂y are Killing fields), permitting the parametrization of the geodesic
photon four-momentum as
PII = − pv
2F 2+(u)
[
∂u +
1
p2v
(
p2x
F 3+(u)
F−(u)
+
p2y
cos2 u
)
∂v
]
+px
F+(u)
F−(u)
∂x +
py
cos2 uF 2+(u)
∂y . (8.21)
(In the single v−wave region III, the Killing fields are ∂u, ∂x, ∂y instead.)
In the collision region I only ∂x and ∂y are Killing vectors, implying that
only the specific momenta px and py are conserved. Nevertheless, there exists
a further constant of motion (here denoted by K) related to the separation
of the Hamilton-Jacobi equation [54]. Even though the metric (8.6) depends
on both u and v, we still find two additional Killing vectors
ξ I(3) = cos y ∂z + sin y tan z ∂y (8.22)
ξ I(4) = − sin y ∂z + cos y tan z ∂y (8.23)
The third constant that is needed to fully parametrize the equations of motion
is denoted by K and given by
K =
√
K23 +K
2
4 , (8.24)
where the constants K1 = P · ξ I(3) and K2 = U · ξ I(4) are associated with the
Killing vectors (8.22). The photon four-momentum in the collision region
turn out to be given by
PI =
1
F 2+(t)
√
p2x
F 3+(t)
F−(t)
+ p2y +K
2∂t ± 1
F 2+(t)
√
K2 − p2y tan2 z∂z
+px
F+(t)
F−(t)
∂x +
py
cos2 z F 2+(t)
∂y , (8.25)
where the ± signs account for orbits with either increasing (+) or decreasing
(−) values of z.
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region IV Region II Region I Region III
coord. const. coord. const. coord. const. coord. const.
ξ(1) x px x px x px x px
ξ(2) y py y py y py y py
ξ(3) v pv v pv − K3 u pu
ξ(4) − − − − − K4 − −
Tab. 8.1: The Killing vectors in the different spacetime regions and the associated
coordinates and constants there.
The Killing symmetries for all spacetime regions are summarized in Table
1.
In order to extend a geodesic from Region II to Region I, the value of K
must be selected properly, so that the continuity of the t and z (or, equiv-
alently, the u and v) components of the four-momentum is guaranteed at
the boundary II-I, where v = 0. The features of motion are very different
depending on whether the four-momentum PIV of the incoming photon has
a nonvanishing component along the y direction or not.
Let us consider first the case py = 0. At the boundary II-I where t = u
(hereafter, we suppress the dependence of the various functions on u, for a
simplified notation) we have
PII = − pv
2F 2+
(
∂u +
p2x
n2xp
2
v
∂v
)
+
px
n2xF
2
+
∂x ,
PI =
1
2F 2+
(√
p2x
n2x
+K2 −K
)
∂u
+
1
2F 2+
(√
p2x
n2x
+K2 +K
)
∂v +
px
n2xF
2
+
∂x , (8.26)
where the refraction index along the x axis, nx, follows from (8.13) with
e = (1, 0, 0) and it is such that F− = n2xF
3
+. Note that here we use ±
√
K2 =
K, permitting both sign choices of K. It is easy to recognize that the x
components already agree, whereas continuity for the u and v components
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implies
−pv =
√
p2x
n2x
+K2 −K ,
− p
2
x
pvn2x
=
√
p2x
n2x
+K2 +K , (8.27)
and both equations are satisfied by
K =
pv
2
− p
2
x
2pvn2x
. (8.28)
The previous equation then yields the proper value of K allowing for the
geodesic path to be continued in Region I. Integrating the geodesic equations
in Region II for a given set of initial conditions and selected values of the
constants pv and px identifies the value of u at which the photon enters the
interaction region.
An example for the integration of the orbits for py = 0 is shown in Fig.
8.4.
The behavior of null geodesics turns out to be different depending on
whether the solution is horizon-forming or singularity-developing. In the
former case the motion has a global homogeneity for all values of pv. Only
positive values of K are allowed. The limit pv → −∞ gives the so-called
fold singularities at the points of the horizon (u = π/2, v = 0) and (u =
0, v = π/2), already discussed by Dorca and Verdaguer [54]. The presence
of such singularities is the origin of an accumulation of the null geodesics on
the surface v = 0 for u→ π/2, as shown in Fig. 8.4 (a). As follows from the
analysis of the refraction index, the geodesics approach the horizon always
perpendicularly. In fact, let us examine the slope of the trajectories
du
dv
=
√
p2x
n2x
+K2 −K√
p2x
n2x
+K2 +K
, (8.29)
by using (8.26), as the horizon is approached. Notice that the family of
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(a) (b)
Fig. 8.4: The features of geodesic motion in the u − v plane are shown in panels
(a) and (b) in the case σ = 1 (horizon) and σ = −1 (singularity), respec-
tively. The geodesics equations du/dλ = P u and dv/dλ = P v have been
integrated in the single u-wave region II with initial conditions u(0) = 0,
v(0) = −pi/2 and the choice of parameters px = 1, py = 0. The curves
correspond to different values of pv. The numerical integration of the
orbits has then been continued in the collision region I by imposing the
matching at the boundary II-I, i.e., v = 0. For σ = 1 the point (u = pi/2,
v = 0) represents an accumulation point for the null geodesics leading to
a fold singularity. The critical value of pv discriminating among the two
kinds of orbits in the case σ = −1 is pthrv ≈ −0.35578.
8. Light propagation in a colliding gravitational wave spacetime 106
curves in the u − v plane which are solutions of (8.29) are symmetric with
respect to the symmetry curve K = 0. In fact, if K → −K then u ↔ v.
Moreover, the symmetry curve represents then an attractor (when σ = 1) or
a repeller (when σ = −1) for the other curves of the family, according to the
chosen metric (see Fig. 8.5).
In this limit, i.e., t = u+v → π/2, the refraction index behaves as nx → 0,
implying that
du
dv
∣∣∣∣
t→π/2
→ 1 . (8.30)
In the case of solutions with a singularity the geodesics exhibit a typical
twofold behavior for py = 0 (see Fig. 8.4 (b)). This is due to the existence
of a critical value of pv in the single wave region, implying K = 0 for a given
choice of px as well as initial conditions. We thus identify those geodesics that
propagate through the collision region at a constant value of z, irrespective
of the presence of the waves, i.e., see (8.28),
pthrv = −
|px|
nx
. (8.31)
In contrast to the case of the horizon-forming solution, every value of K is
now allowed. The null geodesics approach the singularity in a way which
depends on the sign of K. In fact, since here the refraction index nx → ∞,
the slope of the trajectories (8.29) in the limit t→ π/2 is
du
dv
∣∣∣∣∣
t→π/2
→ |K| −K|K|+K . (8.32)
Therefore, if K > 0 (i.e., the value of pv of the incoming photon is greater
than the threshold value (8.31)), the slope turns out to be du/dv
∣∣
t→π/2
→ 0
(the orbit is parallel to the v axis). On the other hand, if K < 0 (i.e.,
pv < p
thr
v ) the slope grows indefinitely, namely du/dv
∣∣
t→π/2
→ ∞ (the orbit
is parallel to the u axis). There also exists a limiting value of pv below which
the photon does not enter the interaction region at all. The case K = 0
represents a separatrix, in the sense that in this case the orbit will approach
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(a) (b)
Fig. 8.5: Null geodesics with px = 1, py = 0 entering the interaction region from the
origin for both (a) horizon-forming (σ = 1) and (b) singularity-developing
(σ = −1) solutions. The curves correspond to different values of K. If
py 6= 0, the situation is similar to panel (a) in both cases. This figure
elucidates the property of the curve K = 0 of being an attractor or a
repeller for other curves in the same family associated with values K 6= 0,
according to the considered type of background solution. In the case of
horizon-forming metric the plot shows in fact a focusing effect around the
symmetry curve for K = 0; in the singularity forming metric instead we
have a defocusing effect around the same curve.
the singularity perpendicularly at a fixed value of z, as discussed above.
The different behavior of null orbits approaching the hypersurface t =
π/2 for either horizon-forming or singularity-developing metrics is even more
evident if the incoming photon enters the collision region directly from the
flat spacetime region IV without passing through the single wave regions,
i.e., at the origin u = 0 = v, as shown in Fig. 8.5. In this case there is no
restriction on the values of K, because no matching conditions are required.
The constant K can be used to parametrize the orbits for fixed values of px.
A similar discussion can be made in the case of nonvanishing py 6= 0 for
the incoming photon. The continuity conditions at the boundary II-I for the
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momentum components now imply
−pv =
√
p2x
n2x
+ p2y +K
2 ∓
√
K2 + p2y −
p2y
n2y
,
− 1
pv
(
p2x
n2x
+
p2y
n2y
)
=
√
p2x
n2x
+ p2y +K
2 ±
√
K2 + p2y −
p2y
n2y
, (8.33)
where ny = cos z = cos u, as given by (8.13) with e = (0, 1, 0). Solving the
system of equations (8.33) for K2 gives
K2 =
1
4p2v
(
p2v +
p2x
n2x
+
p2y
n2y
)2
− p
2
x
n2x
− p2y . (8.34)
Back-substitution into (8.33) implies that the upper sign only is allowed in
order to fulfill the matching conditions for both cases σ = ±1, i.e., if py 6= 0
only those orbits of photons having a four-momentum (8.25) with a posi-
tive z component can be continued across the boundary II-I. The threshold
disappears and the geodesic motion exhibits a common behavior for both
horizon-forming and singularity-developing solutions, including the way to
reach the hypersurface t = π/2.
This peculiar asymmetry characterizing the behavior of null geodesics
depending on the presence/absence of a y component in the incoming four-
momentum can be associated with a different role played by the x and y
coordinates spanning the surface of the wavefront in these (Petrov-type D)
spacetimes, as discussed in Ref. [56] in the case of timelike geodesics.
The case py 6= 0 is so different from py = 0 because of a sort of “broken
symmetry" between x and y coordinates, which is associated with the plane
symmetry of these (Petrov type D) spacetimes.
In vacuum spacetimes a Killing vector field ξ can be considered as a vector
potential generating an electromagnetic field, the so-called Papapetrou field
F [57], which satisfies Maxwell’s equations in the absence of electromagnetic
sources. The Papapetrou field associated with the Killing vector field ξ(1) =
∂x, namely
Fαβ = ξ(1)α;β , (8.35)
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(a) (b)
Fig. 8.6: The typical behavior of null geodesics with py 6= 0 in shown for both
kinds of solutions (σ = ±1). The choice of initial conditions in the single
u−wave region II is the same as in Fig. 8.4, whereas the parameters
px and py have been set to px = 0, py = 1 in the case of a horizon-
forming metric shown in panel (a) and to px = 1, py = 1 in the case of a
singularity-developing metric shown in panel (b). The curves correspond
to different values of pv. The fold singularity at the point (u = pi/2,
v = 0) arises for pv → −∞ in both cases.
has the two independent principal null directions [56]
l =
1
2 cos t
[
∂t +
(1 + σ sin t)2
cos t
∂x
]
n =
cos t
(1 + σ sin t)2
∂t − ∂x , (8.36)
which are affinely parametrized and normalized so that l·n = −1. It is evident
that the Killing vector ξ(1) is aligned with the 2-plane that is spanned by the
principal null directions of the generated Papapetrou field. This property
distinguishes the Killing vector ξ(1) from the one associated with y, ξ(2) = ∂y,
and leads to a difference between the x and y coordinates in the metric (at
least from a purely geometrical point of view).
An example of numerical integration of the orbits with py 6= 0 is shown
in Fig. 8.6.
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8.4 Closed rectangular paths on the wave front
Since we have chosen the wave to propagate along the z axis, optical effects
in that direction turn out to be trivial, as is evident also from the resulting
effective refraction index along such a direction, nz = 1. We want to investi-
gate the optical properties of the equivalent medium on the wave front, i.e.
on the x−y plane. To this end, let us imagine a square optical path, centered
at the origin of the x−y plane, and let L be the length of each side, obtained
for instance by using optical guides. Photons moving along the x direction
will travel the time Tx along each side of the square which is parallel to the
x axis, such that ∫ Tx
0
dt
nx(t)
= L (8.37)
and the time Ty
Ty = Lny(z) = L cos z (8.38)
along each side of the square which is parallel to the y axis. Solving for Tx,
equation (8.37) then gives
Tx = σ arcsin
[
2LambertW
(
−1
2
e−
1+σL
2
)
+ 1
]
. (8.39)
where W (ξ) denotes the Lambert W function, i.e. the special function satis-
fying the equation W (ξ)eW (ξ) = ξ. It has an infinite number of solutions for
each (non-zero) value of ξ, i.e., it has an infinite number of branches. Let us
denote by Wk(ξ) the k−branch of the Lambert W function, where k is any
non-zero integer [58]. If the variable ξ is real, then there are two possible
real values of W (ξ) in the interval −1/e ≤ ξ < 0. The branch satisfying
W (ξ) ≥ −1 is denoted by W0(ξ) and is referred to as the principal branch
of the W function, whereas the branch satisfying W (ξ) ≤ −1 is denoted by
W−1(ξ). The specification of L selects then the branch.
A full path will then correspond to the elapsed time
∆T = 2Tx + 2Ty . (8.40)
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Fig. 8.7: The elapsed time corresponding to photons making a square path on
the wave front in the collision region (for horizon-forming as well as
singularity-developing colliding gravitational waves) is plotted as a func-
tion of the length of the square side L. Here we have set z = pi/4, but the
behavior is similar for a different choice of z. The case of a flat spacetime
is also shown for comparison.
Its behavior as a function of L for a fixed value of z is shown in Fig. 8.7.
The explicit value of ∆T strongly depends on the spacetime region where it
is evaluated. In the flat spacetime, one would simply have
∆T(flat) = 4L . (8.41)
Note that L in equations (8.37)–(8.41) is a dimensionless quantity just as
Tx and Ty. Apart from the manifest difference from the flat spacetime case,
the measurement of ∆T by a simple interferometric device would allow us to
clearly distinguish among the horizon-forming and the singularity-forming
metrics and would also provide information about the distinct spacetime
region where it is evaluated, i.e., inbound flat, single wave or collision region.
9. SUMMARY
We consider the propagation of electromagnetic waves and massive neutral
test particles in the background of a radiation field that is generated by either
an exact gravitational plane wave with a single (+) polarization state or an
exact electromagnetic wave in the framework of general relativity. Both types
of wave are chosen to be traveling in the positive z direction, orthogonal to
the symmetry planes. The spacetime metric of the radiation field is generally
described by
ds2 = −2dudv + F (u)2dx2 +G(u)2dy2 , (9.1)
where the null coordinates u and v are related to the standard temporal and
spatial coordinates by u = (t− z)/√2 and v = (t+ z)/√2, and where ∂v, ∂x,
∂y are all Killing vectors. The metric functions are given by F = cos(bgwu),
G = cosh(bgwu) in the case of a gravitational wave, or by F = G = cos(bemu)
in the case of an electromagnetic wave. The parameter b is the frequency of
the wave under consideration. Let the radiation field be sandwiched between
two flat spacetime regions u ∈ (−∞, 0)∪(u1,∞) and let us extend the metric
(9.1) to all values of u by requiring C1 regularity conditions at the boundary,
i.e., F = G = 1 in the in zone and F = α+ βu, G = γ + δu in the out zone.
Even though the metric functions in the out zone do not have the value
1 associated with flat coordinates, standard Cartesian coordinates can be
restored by a specific coordinate transformation (u, v, x, y)→ (U, V,X, Y ).
We first considered the propagation of electromagnetic waves in the radi-
ation field of an exact gravitational plane wave, obtaining null geodesics of
the photons in all spacetime regions. Solving Maxwell’s equation for the vec-
tor potential, we found that the electromagnetic field is a plane wave in the
in zone, whereas the nonsingular field emerging after the interaction is not
exactly a plane wave but is dominated by plane wave behavior with the wave
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vector aligned with the null geodesics of the background. We have been
able to identify the physical effects of the exact gravitational wave on the
electromagnetic field by choosing a suitable photon round trip in a Michel-
son interferometer, with the phase shift between the ingoing electromagnetic
wave and the dominant part of the outgoing field as the most significant
interferometer response. In addition, we have calculated the change of the
polarization vector, as well as the angular deflection and delay of photon
beams making the round trip.
We then investigated the interaction of massive particles with radiation
fields generated by either exact gravitational or exact electromagnetic waves.
In the case of a gravitational wave, the test particle motion is geodesic. The
incoming particle’s conserved specific momenta pv, px, py (associated with
the Killing vectors) allow the complete integration of the geodesic equations
in all spacetime regions. In the case of an electromagnetic wave, the space-
time region of interaction is nonvacuum, resulting in an accelerated motion
of test particles. Following the approach of Poynting and Robertson, the
particles are assumed to interact with the radiation field by absorbing and
re-emitting radiation, causing a drag force that deflects them from geodesic
motion. (Explicitly, the interaction is modeled by a force term entering the
equations of motion proportional to the four-momentum density of radiation
observed in the particle’s rest frame.)
The features of the scattering in both cases have been analyzed and compared
by computing the boost relating the initial four-momentum of the particle
and the four-momentum with which it emerges from the interaction. (The
final state has been obtained by imposing matching conditions on the parti-
cle’s four-momentum and trajectory at the boundary between the interaction
region and the flat out zone.) We find that in the gravitational wave case
the change of momentum in the transverse x − y plane involves a rotation
due to the deformation of the plane wave directions by the wave, while in the
electromagnetic wave case only an overall scaling is involved. For the changes
of momentum in the longitudinal u− v plane, the gravitational case lacks a
component along ∂u because the motion is geodesic and ∂v is a Killing vector
field, while in the electromagnetic case a component along ∂u exists because
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the force responsible for the change in momentum itself has a covariant com-
ponent along ∂v. Thus the scattering of massive particles by radiation fields
of different kinds is strongly influenced by the nature of the interaction, in
principle leading to detectable observational consequences.
We have employed the optical medium analogy to study light propagation
in the radiation fields introduced above. In the optical medium analogy, an
electromagnetic field in any gravitational background associated with the
metric (9.1) can be thought of as propagating in the presence of a medium
whose properties are constructed by the metric tensor. In particular we
have analyzed the deflection of light rays by a radiation field in terms of
the associated optical properties of the equivalent optical medium. (Here
we have treated the scattering process as a series of successive refractions
through media with approximately constant refraction indices and were thus
able to adopt standard tools of ordinary wave optics.) We have found that the
most relevant physics involves the transverse x−y plane: there the equivalent
medium of a gravitational wave is inhomogeneous and anisotropic, whereas
that of an electromagnetic wave is inhomogeneous but isotropic. In both
cases the medium is optically active in the sense that the refraction index
depends on time. Moreover, there exist directions in which the effective
refraction index of the medium is < 1 (so that the coordinate components
of the velocity of light become > 1). This realizes an interesting and novel
point of view for looking at the photon scattering by electromagnetic as
well as gravitational waves in the exact theory of general relativity, which
may also have a counterpart in experiments. For instance, by means of
nonlinear optical materials, one can arrange for an analogue material of the
above mentioned radiation field spacetimes and compare the geometrization
of physical interactions with experimental data.
Finally we have applied the optical medium analogy to light propaga-
tion in colliding gravitational wave spacetimes, namely those characterized
by the Ferrari-Ibañez-metric where the collision of two exact gravitational
waves with a single polarization state (propagating along the same direction
but in opposite senses) leads to the formation of either a horizon or a singu-
larity, depending on the properties of the metric. This particular colliding
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gravitational wave spacetime was chosen for its mathematical simplicity and
the possibility to easily switch between the horizon-forming and singularity-
developing solution (by changing the signs of certain metric functions). Stan-
dard tools of ordinary wave optics were used to study the properties of the
equivalent optical medium, allowing for a simple discussion of some interest-
ing physical effects (despite the complexity of the nonlinear interaction upon
collision).
In the plane transverse to the direction of propagation of the gravita-
tional waves, the equivalent optical medium of the interaction region was
found to be homogeneous and optically active along one axis (optically ac-
tive in the sense that the associated refraction index is time-dependent), but
inhomogeneous and optically inactive along the other. An analysis of the
effective refraction index of the medium along the direction of gravitational
wave propagation at different times (before and after the time of collision)
illustrated the different optical properties of the equivalent media in the two
scenarios with either a horizon or a singularity.
The continuation of null geodesic orbits from one of the single-wave re-
gions into the collision region was discussed in detail. The distinction between
the horizon-forming and singularity-developing backgrounds was character-
ized by the different behavior of null orbits approaching the hypersurface
where the horizon or the singularity is located, with the most important dif-
ferences appearing in the plane of the direction of the gravitational waves.
The different behavior for the two cases with either horizon or singularity was
also found to depend on the properties of the incoming photons’ geodesic mo-
tion in the flat spacetime region before the arrival of the gravitational waves.
Furthermore it was illustrated how the optical properties of the medium
(namely the time-dependency of the refraction index along one coordinate
axis) would affect the elapsed time for photons traveling a closed rectangular
path in an optical guide on the wave front in the collision region, and how
an interferometric could potentially provide information about the spacetime
region under consideration and the nature of the nonlinear interaction.
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